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Prandtl number dependence in turbulent compressible convection
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In this work, we report a comprehensive study of turbulent compressible convection
through two-dimensional (2D) and three-dimensional (3D) numerical simulations span-
ning a wide range of Prandtl numbers (10−2 � Pr � 102) and Rayleigh numbers (Ra =
107, 108, 109). The total temperature exhibits adiabatic cooling in the bulk, with minimal
variation across Pr. For Pr < 1 and > 1, the Nusselt number scales as Ra0.22Pr0.04 and
Ra0.28Pr0.02 in 2D, and as Ra0.27Pr0.16 and Ra0.27Pr0.03 in 3D. The corresponding variations
for the Reynolds number are Ra0.51Pr−0.78 and Ra0.60Pr−0.99 in 2D, and Ra0.45Pr−0.64

and Ra0.51Pr−0.91 in 3D. Top-bottom asymmetry persists in both the thermal and viscous
boundary layers, with thicker top layers. As Pr increases, thermal boundary layers become
thinner while viscous boundary layers thicken, with distinct scaling near the top and bottom
boundaries.

DOI: 10.1103/vkvv-l3m4

I. INTRODUCTION

Turbulent convection is observed in a wide range of natural and industrial systems, including
stellar interiors, planetary atmospheres, and engineering applications [1–5]. A key parameter influ-
encing the behavior of such flows is the Prandtl number (Pr), defined as the ratio of momentum
diffusivity to thermal diffusivity. It characterizes the relative importance of viscous and thermal
effects in convective processes. Low Prandtl number fluids, where thermal diffusion dominates, are
commonly found in stellar interiors like the solar convection zone, with Pr ≈ 10−4–10−6, plantery
cores like the Earth’s liquid outer core, with Pr ∼ 10−2, and liquid metals [2,5–7]. The Earth’s
atmosphere has Pr near unity. High-Pr fluids, where viscous forces prevail, appear in substances like
oils and molten polymers, and in the Earth’s mantle [6,8,9]. Understanding the effects of Pr across
these diverse regimes is essential for characterizing the intricate dynamics of turbulent convection.

A common approach to studying convection is the Rayleigh-Bénard convection (RBC), where
a fluid layer confined between two horizontal plates is heated from below and cooled from the
top [1–4,10]. It often employs the Boussinesq approximation, assuming constant fluid properties
and accounting for temperature effects only in the buoyancy term. However, convective regions in
planets and stars typically exhibit significant density stratification [5,11–13], making the Boussi-
nesq assumption unsuitable. To study such systems, a fully compressible framework is essential,
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as it captures variations in density, pressure, and temperature that significantly influence the
convective dynamics [12–16]. Compressible convection exhibits additional complexities due to
density stratification and the presence of an adiabatic background state. Despite its relevance to
astrophysical and geophysical flows, the influence of Pr on compressible convection remains largely
unexplored.

The effect of Pr on RBC has been extensively studied in numerous experiments and numerical
simulations [17–23]. These studies have established that Pr plays a pivotal role in governing
the structure and dynamics of thermal convection. High-Pr convection tends to be more laminar
and organized, often characterized by plume-dominated regimes [8,22,24–26]. In contrast, low-Pr
convection, where inertia is more significant, the flow becomes highly turbulent, leading to the
formation of coherent large-scale circulations [8,22,26–28]. Several studies on RBC have also
explored turbulent convection at extreme Rayleigh numbers (Ra) [17,29–33]. It has been observed
that RBC exhibits diverse flow morphologies depending on both Ra and Pr. Extensive work on RBC
has focused on the scaling of global quantities like the Nusselt number (Nu) and Reynolds number
(Re) with Ra and Pr [2,33–38]. These are often expressed as power laws of the form Nu ∼ RaαPrβ

and Re ∼ RaδPrγ . For Nu, the exponents α and β range from 1/4 to 1/3 and 0.14 to approximately
0, respectively, as Pr increases from �1 to �1 [8,18,21,39,40]; for Re, δ and γ vary from 0.4 to 0.6
and −0.7 to −0.95, respectively, as Pr increases from �1 to �1 [18,19,26,34,41,42]. Grossmann
and Lohse [34] developed a unified theory to explain these trends based on the relative contributions
of bulk and boundary layer dissipation, which has since been refined and extended to higher Ra and
Pr [18,26,35,38,43].

In contrast, the role of Pr in compressible convection remains far less explored. While the
infinite-Pr limit has been studied in various contexts, these works are limited to linear analysis, with
nonlinear solutions considered only at moderate Rayleigh numbers [9,13,44–46]. For low-Pr fluids,
Toomre et al. [47] conducted early three-dimensional simulations of compressible convection in
stratified atmospheres, highlighting asymmetries and plume-dominated flows. Singh and Chan
[48] considered a wide range of low-Pr fluids to explore compressible convection in deep stellar
atmospheres, emphasizing its influence on convective structure and dynamics. Käpylä et al. [49]
systematically examined the Pr dependence in stellar convection, focusing on flow statistics
and convective energy transport. In the high-Pr regime, Manga and Weeraratne [50] reported
plume-dominated convection and absence of large-scale circulation, similar to RBC. Anders and
Brown [51] and Verhoeven et al. [16] studied the effect of Ra and superadiabaticity on Nu at fixed
Pr. John and Schumacher [52] explored the different regimes of fully compressible convection at
Pr = 0.7. However, these studies have focused on low or moderate Ra. For very large Ra, Tiwari
et al. [53] investigated Nu and Re scalings up to Ra = 1015 in two-dimensions (2D) and = 1011 in
three-dimensions (3D), but with Pr fixed at 0.7. Consequently, the combined influence of Ra and Pr
on these global scalings remains unclear.

In this work, we address this gap by performing extensive numerical simulations of turbu-
lent compressible convection across a broad range of Ra (107, 108, 109) and Pr (0.01 � Pr �
100). We solve the fully compressible equations in both 2D and 3D using our in-house finite-
difference Python solver Dhara [53], that employs the MacCormack-total variation diminishing
(MacCormack-TVD) scheme [54–56]. Our analysis focuses on the influence of Pr on flow orga-
nization in the bulk and near the boundaries, temperature and velocity field profiles, the scaling
behavior of Nu and Re, and the structure and scaling of thermal and viscous boundary layers. We
also contrast our findings with those known for RBC to highlight similarities and differences arising
from compressibility effects.

The structure of the paper is as follows. In Sec. II, we describe the physical system, governing
equations, and discuss some past results. Section III outlines the numerical methods and simulation
details. In Sec. IV, we present the flow morphology, energetics, and vertical field profiles. The
scaling of global quantities is discussed in Sec. V, followed by an analysis of boundary layer
properties in Sec. VI. Finally, some conclusive remarks are provided in Sec. VII.
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FIG. 1. (a) Schematic diagram of the physical system with height d . The bottom and top plates are
maintained at temperatures Tb and Tt , respectively, with gravity g acting in the downward direction. (b) Nondi-
mensional adiabatic temperature profile TA(z) (blue line) and the total temperature profile (black line), adapted
from Tiwari et al. [53].

II. GOVERNING EQUATIONS AND PAST WORKS ON Pr DEPENDENCE

A fully compressible fluid confined within a rectangular domain of dimensions L × L × d in
3D and L × d in 2D, with L and d as the length and height of the box, is considered for the
present study. The fluid is subjected to a vertical temperature gradient � = (Tb − Tt )/d > 0, with
the bottom wall maintained at a higher temperature Tb and the top wall at a lower temperature
Tt . A schematic illustration of the physical system is presented in Fig. 1(a). The nondimensional
governing equations for the convective motion of the compressible fluid in conservative form are
given by [12,14,52]

∂ρ

∂t
+ ∂

∂xi
(ρui ) = 0, (1)

∂

∂t
(ρui ) + ∂

∂x j
(ρuiu j + δi j p − τi j ) = −1

ε
ρδiz, (2)

∂E

∂t
+ ∂

∂xi

(
ui(E + p) − 1

εD
√

RaPr

∂T

∂xi
− u jτi j

)
= 0, (3)

along with an ideal gas equation of state. Here, ρ, u = (u1, u2, u3), T , p, E , and τi j are the
nondimensionalized density, velocity, temperature, pressure, total energy, and stress-tensor, respec-
tively. Equations (1)–(3) are nondimensionalized with d as the characteristic length, the free-fall
velocity

√
εgd as the velocity scale, and reference density ρb and temperature Tb as the density

and temperature scales. The system is governed by four key dimensionless parameters, which are
[16,52]

Rayleigh number Ra = εgd3

νκ
, (4)

Prandtl number Pr = ν

κ
, (5)

superadiabaticity ε = d

Tb

(
�

d
− g

Cp

)
, (6)

dissipation number D = gd

TbCp
. (7)

Another important parameter is the aspect ratio of the box, 
 = L/d . Here, ν and κ are the
fluid’s kinematic viscosity and thermal diffusivity, g is the gravitational acceleration that acts in
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the negative z direction, and Cp is the specific heat capacity at constant pressure. The fluid is
assumed to have constant dynamic viscosity μ = νρ and thermal conductivity K = κCpρ. In the
absence of convection, the compressible fluid maintains a hydrostatic adiabatic equilibrium where
the temperature, density, and pressure profiles are [16]

TA(z) = (1 − Dz), (8)

ρA(z) = (1 − Dz)β, (9)

pA(z) = (1 − Dz)(β+1), (10)

where β = 1/(γ − 1) is the adiabatic index, with γ = Cp/CV and CV is the specific heat capacity at
constant volume. This stratified equilibrium serves as a reference state for the analysis of convective
deviations. The superadiabatic temperature Tsa, which quantifies the deviation from the adiabatic
temperature profile and acts as the driving force for convection, is defined as

Tsa (r, t ) = T (r, t ) − TA(z). (11)

Figure 1(b) illustrates both the adiabatic background profile and the total temperature field for
reference.

We consider no-slip boundary conditions for the velocity field and perfectly conducting bound-
aries for the temperature field on both the top and bottom plates. Along the sidewalls, periodic
boundary conditions are applied.

The global response parameters of the system are the Nusselt number (Nu) and the Reynolds
number (Re), which measure the large-scale heat and momentum transport in turbulent convection,
respectively. The Nusselt number, Nu, can be defined in several ways, with the most commonly
used being the bulk (or volume) Nusselt number and the boundary Nusselt number. The bulk Nu
is defined as the ratio of excess total heat flux over the adiabatic heat flux to the excess conductive
heat flux over the adiabatic value and is given by [14,53]

Nu = 1 +
√

RaPr

ε
〈ρuzTsa〉V,t + D

√
RaPr

2
〈ρuzu

2〉V,t = 1 + Nuconv + NuK , (12)

where Nuconv and NuK represent the convective and kinetic contributions to the Nusselt number,
respectively. Here, 〈·〉V,t denotes the combined volume-time average. The boundary Nu is calculated
using the heat flux at the top and bottom boundaries and is expressed as [16,53,57]

Nu = − 1

2ε

[
d〈Tsa〉A,t

dz

∣∣∣∣
z=0

+ d〈Tsa〉A,t

dz

∣∣∣∣
z=1

]
, (13)

where 〈.〉A,t represents the planar and temporal average. We verified that Nu computed from both
definitions yields nearly identical values. However, the values obtained using the bulk Nu [Eq. (12)]
show larger fluctuations compared to those from the boundary Nu [Eq. (13)], especially for 2D
flows [58]. Therefore, in this paper, we report Nu values based on the boundary Nu [Eq. (13)]. The
Reynolds number, Re, is defined as [10,16]

Re = Ũd

ν
=

√
Ra

Pr
U, (14)

where Ũ is the dimensional rms velocity, and U is its nondimensional counterpart.
Extensive literature exists on the scaling of Nu and Re with Ra and Pr for turbulent RBC. In one

of the earliest theoretical models, Malkus [59] proposed that heat transport in turbulent convection
is limited by the most unstable modes of the boundary layers, predicting Nu ∼ Ra1/3 scaling.
Kraichnan [60] advanced the theory for extremely large Ra and deduced that Nu ∼ Ra1/2Pr1/2,
Re ∼ Ra1/2Pr−1/2 for Pr <0.1, whereas for 0.1 < Pr � 1, the scalings become Nu ∼ Ra1/2Pr−1/4,
Re ∼ Ra1/2Pr−3/4, with possible logarithmic corrections. Later, Castaing et al. [24] conducted
experiments using helium gas and found Nu ∼ Ra2/7 and Re ∼ Ra3/7. Simultaneously, Shraiman
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and Siggia [61] presented scaling arguments incorporating both bulk and boundary layer contribu-
tions, leading to Nu ∼ Ra2/7Pr−1/7, Re ∼ Ra3/7Pr−5/7. Verzicco and Camussi [8] conducted both
experiments and high-resolution direct numerical simulations (DNS) for a wide range of Pr and
reported Nu ∼ Pr0.14 for low-Pr, with Nu becoming nearly Pr-independent at high-Pr. With Ra, they
found Nu ∼ Ra0.25 for low-Pr and Nu ∼ Ra0.285 for high-Pr. Additionally, Re ∼ Pr−0.73 for low-Pr
and Re ∼ Pr−0.94 for high-Pr; Re ∼ Ra0.53 for both low- and high-Pr. A unified scaling theory that
combined boundary layer and bulk dissipation contributions, producing a detailed phase diagram of
scaling regimes for Nu and Re as functions of Ra and Pr was provided by Grossmann and Lohse
[34] (GL theory).

GL theory was later refined and compared extensively with experimental and numerical data
in subsequent works [22,35,62]. For very large Pr, Grossmann and Lohse [35] predicted Nu ∼
Ra1/3Pr0 and Re ∼ Ra2/3Pr−1–a regime further explored by Bhattacharya et al. [38]. The Pr-
independence of Nu and linear inverse scaling of Re with Pr in the high-Pr regime were subsequently
confirmed by experiments and numerical simulations [18,26,37,43]. Lam et al. [19] reported that
for Pr ranging from 6 to 1027, the scaling exponents of Re (based on the maximum velocity of
circulating wind) varied from 0.5 to 0.68 for Ra and −0.88 to −0.95 for Pr. Breuer et al. [22]
conducted 3D DNS for 10−3 � Pr � 102 at a fixed Ra = 106, and obtained Nu ∼ Pr0.182 for Pr
�1 and ∼ Pr0.032 for Pr >0.3. Their data also yields Re ∼ Pr−0.607 for low-Pr and Re ∼ Pr−0.998

for high-Pr. Comparisons with 2D results [63,64] revealed that Nu and Re scaling behaviors
diverge significantly from 3D for Pr < 1, but are similar for high Pr. Silano et al. [26] carried
out comprehensive DNS for a wide range of Ra (105 � Ra � 109) and Pr (10−1 � Pr � 104) and
observed that Nu scales as Ra2/7 for Pr = 1 and as Ra0.31 for Pr = 103; while Re follows Ra1/2Pr−1,
ignoring logarithmic corrections. Similarly, Stevens et al. [65] reported Nu ∼ Ra1/3 using 3D DNS.
Scheel and Schumacher [27] found Nu ∼ Ra0.26 for Pr � 1. Recent quasi-2D experiments by Li
et al. [66] reported Re ∼ Ra0.58Pr−0.82 and Nu ∼ Ra0.289Pr−0.02 in the high-Pr regime. In low-Pr 2D
simulations, Zhang and Zhou [28] found Nu ∼ Pr0.14, Re ∼ Pr−0.82 at Ra = 107 and Nu ∼ Pr0.11,
Re ∼ Pr−0.93 at Ra = 108.

In contrast, very few studies have examined the scalings of Nu and Re in compressible convec-
tion, especially with respect to both Ra and Pr. Among those, Manga and Weeraratne [50] conducted
experiments at low Ra (< 105) and large Pr (103 < Pr < 106) and found Nu ∼ Ra0.281. Anders
and Brown [51] performed 2D and 3D simulations at Pr = 1 and observed Nu ∼ Ra1/3 for low to
moderate Ra (Ra < 104), transitioning to Ra1/5 for Ra > 104 in 2D; whereas in 3D, Nu ∼ Ra2/7,
similar to RBC. Re scales as ∼ Ra3/4 at low Ra in 2D; as ∼ Ra1/2 in 3D and for high Ra in 2D [51].
Recently, Tiwari et al. [53] reported Nu ∼ Ra1/3 and Re ∼ Ra1/2 in both 2D and 3D for high Ra at
Pr = 0.7.

From the above, it is evident that the combined effect of Ra and Pr on compressible convection—
particularly on the scaling of Nu and Re—remains largely unexplored. This knowledge gap forms
the primary motivation of the present work, which aims to advance the understanding of scaling
laws in compressible turbulent convection.

In the next section, we detail the numerical simulations, followed by an in-depth discussion of
the results.

III. SIMULATION DETAILS

We numerically solve Eqs. (1)–(3) on a collocated grid using the finite-difference code—Dhara
[53]—which implements the computationally efficient MacCormack-TVD scheme [54–56,67]. The
governing equations are first written in conservative form as

∂Q

∂t
+ ∂Fi

∂xi
= Si, (15)

where Q, Fi, and Si contain field variables, fluxes, and source terms, respectively. This equation is
then decomposed into one-dimensional equations using the operator-splitting method, which are
then advanced in time using the MacCormack scheme. Finally, we apply the TVD approach which
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TABLE I. Details of the numerical simulations for 2D convection: the Prandtl number (Pr), the Rayleigh
number (Ra), the grid size, the Reynolds number (Re), the Nusselt number (Nu), the thermal boundary layer
thicknesses near the top and bottom boundaries (λt

T and λb
T , respectively), and the viscous boundary layer

thicknesses near the top and bottom boundaries (λt
V and λb

V , respectively). The other parameters are aspect
ratio 
 = 1, superadiabaticity ε = 0.1, dissipation number D = 0.5, and ratio of specific heats γ = 1.3.

Pr Ra Grid size Re Nu λt
T λb

T λt
V λb

V

0.01 107 15012 (2.93 ± 0.05) × 104 8.89 ± 0.29 0.2287 0.0533 0.0550 0.0190
0.01 108 20492 (8.15 ± 0.38) × 104 11.33 ± 2.07 0.1519 0.0405 0.0405 0.0172
0.01 109 30012 (2.19 ± 0.04) × 105 16.58 ± 1.36 0.1324 0.0273 0.0248 0.0136
0.05 107 12012 (9.22 ± 0.14) × 103 8.42 ± 0.22 0.1883 0.0367 0.0624 0.0208
0.05 108 15012 (2.91 ± 0.12) × 104 11.60 ± 1.47 0.1407 0.0313 0.0420 0.0234
0.05 109 20012 (7.84 ± 0.26) × 104 17.98 ± 2.08 0.1044 0.0256 0.0256 0.0160
0.1 107 5132 (5.10 ± 0.15) × 103 7.74 ± 0.40 0.1934 0.0332 0.0664 0.0232
0.1 108 5132 (1.70 ± 0.50) × 104 11.83 ± 1.24 0.1348 0.0293 0.0449 0.0156
0.1 109 10012 (5.06 ± 0.19) × 104 19.69 ± 0.75 0.0980 0.0248 0.0273 0.0144
0.5 107 5132 (1.141 ± 0.004) × 103 6.47 ± 0.07 0.1699 0.0312 0.0845 0.0280
0.5 108 5132 (3.76 ± 0.02) × 103 12.27 ± 0.21 0.1152 0.0234 0.0547 0.0165
0.5 109 7012 (1.63 ± 0.06) × 104 22.27 ± 1.48 0.0836 0.0199 0.0312 0.0150
0.7 107 2572 (8.224 ± 0.001) × 102 6.963 ± 0.002 0.1602 0.0273 0.0938 0.0285
0.7 108 2572 (2.95 ± 0.09) × 103 12.1 ± 0.3 0.1094 0.0215 0.0642 0.0215
0.7 109 5132 (1.20 ± 0.05) × 104 21.07 ± 1.02 0.0797 0.0176 0.0376 0.0232
5 107 2572 (1.65 ± 0.21) × 102 7.34 ± 0.67 0.1523 0.0508 0.1250 0.0820
5 108 2572 (6.53 ± 0.52) × 102 13.59 ± 1.06 0.0898 0.0312 0.0898 0.0580
5 109 5132 (2.71 ± 0.11) × 103 28.97 ± 0.91 0.0547 0.0215 0.0582 0.0328
25 107 2572 (3.24 ± 0.55) × 101 7.65 ± 0.50 0.1406 0.0469 0.1699 0.0859
25 108 2572 (1.31 ± 0.16) × 102 14.52 ± 0.74 0.0859 0.0312 0.1172 0.1055
25 109 5132 (5.54 ± 0.45) × 102 27.49 ± 1.50 0.0508 0.0195 0.1095 0.0857
50 107 2572 (1.68 ± 0.29) × 101 7.88 ± 0.36 0.1289 0.0469 0.1352 0.0829
50 108 2572 (6.42 ± 0.79) × 101 14.55 ± 0.79 0.0859 0.0273 0.1445 0.0938
50 109 5132 (2.70 ± 0.24) × 102 27.70 ± 0.84 0.0488 0.0195 0.1124 0.0965
75 107 2572 (1.15 ± 0.19) × 101 7.90 ± 0.47 0.1250 0.0436 0.1588 0.0625
75 108 2572 (4.13 ± 0.61) × 101 14.67 ± 0.88 0.0820 0.0273 0.1445 0.0859
75 109 5132 (1.72 ± 0.15) × 102 28.94 ± 1.04 0.0469 0.0176 0.1324 0.1289
100 107 2572 9.22 ± 0.86 8.04 ± 0.10 0.1172 0.0436 0.1406 0.0781
100 108 2572 (3.27 ± 0.67) × 101 14.82 ± 0.86 0.0781 0.0234 0.1588 0.0977
100 109 5132 (1.39 ± 0.10) × 102 28.69 ± 0.69 0.0449 0.0156 0.1324 0.1289

introduces a flux limiter function to ensure that the solution remains free of spurious oscillations and
also preserves monotonicity [54,56]. This method is second-order accurate in both space and time.
Our results are insensitive to the choice of numerical scheme, as demonstrated in the Appendix.

For boundary conditions, second-order forward differences are applied at the bottom plate and
second-order backward differences at the top. No-slip and perfectly conducting boundary conditions
are imposed at the top and bottom plates, whereas periodic boundary conditions are imposed on the
sidewalls. To better resolve steep gradients near the thermal and viscous boundary layers, we employ
either a uniform grid or a nonuniform tangent-hyperbolic grid in the z-direction depending on the
parameters. Uniform spacing is used in the horizontal directions.

We perform a total of 60 numerical simulations, with 30 cases each in 2D and 3D. All simulations
use fixed parameters: 
 = 1, γ = 1.3, ε = 0.1, and D = 0.5. We explore ten values of the Prandtl
number, Pr = 0.01, 0.05, 0.1, 0.5, 0.7, 5, 25, 50, 75, 100 and three Rayleigh numbers,
Ra = 107, 108, and 109. Depending on the values of Ra and Pr, the grid resolution ranges from
2572 to 30012 in 2D and from 2573 to 7013 in 3D. Refer to Tables I and II for the simulation details.
In the tables, we report Pr, Ra, grid sizes, the Reynolds number (Re), the boundary Nusselt number
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TABLE II. Details of the numerical simulations for 3D convection: the Prandtl number (Pr), the Rayleigh
number (Ra), the grid size, the Reynolds number (Re), the Nusselt number (Nu), the thermal boundary layer
thicknesses near the top and bottom boundaries (λt

T and λb
T , respectively), and the viscous boundary layer

thicknesses near the top and bottom boundaries (λt
V and λb

V , respectively). The other parameters are aspect
ratio 
 = 1, superadiabaticity ε = 0.1, dissipation number D = 0.5, and ratio of specific heats γ = 1.3.

Pr Ra Grid size Re Nu λt
T λb

T λt
V λb

V

0.01 107 4013 (1.13 ± 0.03) × 104 3.92 ± 0.23 0.2525 0.0375 0.0550 0.0150
0.01 108 4013 (3.13 ± 0.05) × 104 7.26 ± 0.14 0.1775 0.0350 0.0375 0.0125
0.01 109 7013 (8.79 ± 0.16) × 104 13.97 ± 0.52 0.1166 0.0279 0.0243 0.0071
0.05 107 4013 (4.36 ± 0.07) × 103 5.55 ± 0.25 0.2050 0.0350 0.0635 0.0175
0.05 108 4013 (1.21 ± 0.02) × 104 10.17 ± 0.10 0.1375 0.0325 0.0401 0.0150
0.05 109 7013 (3.30 ± 0.07) × 104 19.46 ± 0.44 0.0915 0.0261 0.0243 0.0114
0.1 107 2573 (2.76 ± 0.06) × 103 6.32 ± 0.29 0.1836 0.0312 0.0702 0.0201
0.1 108 2573 (7.71 ± 0.24) × 103 11.30 ± 0.43 0.1250 0.0312 0.0410 0.0185
0.1 109 7013 (2.14 ± 0.11) × 104 21.83 ± 0.79 0.0812 0.0243 0.0279 0.0128
0.5 107 2573 (9.04 ± 0.42) × 102 7.96 ± 0.44 0.1523 0.0273 0.0859 0.0234
0.5 108 2573 (2.65 ± 0.08) × 103 14.04 ± 0.41 0.1055 0.0273 0.0508 0.0217
0.5 109 7013 (7.62 ± 0.11) × 103 26.66 ± 0.83 0.0689 0.0205 0.0334 0.0157
0.7 107 2573 (7.10 ± 0.43) × 102 7.93 ± 0.44 0.1328 0.0273 0.0859 0.0234
0.7 108 2573 (2.11 ± 0.09) × 103 14.45 ± 0.44 0.1016 0.0273 0.0522 0.0217
0.7 109 7013 (6.12 ± 0.17) × 103 27.36 ± 0.67 0.0640 0.0198 0.0387 0.0186
5 107 2573 (1.52 ± 0.02) × 102 7.82 ± 0.27 0.1211 0.0273 0.1172 0.0352
5 108 2573 (4.7 ± 0.20) × 102 16.13 ± 0.56 0.0898 0.0273 0.0938 0.0273
5 109 5133 (1.47 ± 0.04) × 103 30.06 ± 0.65 0.0559 0.0175 0.0664 0.0254
25 107 2573 (3.73 ± 0.26) × 101 9.34 ± 0.18 0.1172 0.0273 0.1406 0.0508
25 108 2573 (1.16 ± 0.07) × 102 16.91 ± 0.35 0.0859 0.0273 0.1211 0.0352
25 109 5133 (3.87 ± 0.19) × 102 31.04 ± 0.71 0.0521 0.0166 0.1012 0.0311
50 107 2573 (1.88 ± 0.05) × 101 9.17 ± 0.09 0.1172 0.0273 0.1406 0.0625
50 108 2573 (6.58 ± 0.41) × 101 16.39 ± 0.22 0.0859 0.0273 0.1328 0.0469
50 109 5133 (1.98 ± 0.03) × 102 31.08 ± 0.37 0.0484 0.0156 0.0965 0.0378
75 107 2573 (1.24 ± 0.08) × 101 9.24 ± 0.25 0.1172 0.0273 0.1445 0.0742
75 108 2573 (4.10 ± 0.03) × 101 17.35 ± 0.40 0.0859 0.0273 0.1211 0.0547
75 109 5133 (1.39 ± 0.01) × 102 31.72 ± 0.37 0.0496 0.0156 0.1241 0.0413
100 107 2573 9.36 ± 0.68 9.22 ± 0.17 0.1133 0.0273 0.1406 0.0703
100 108 2573 (3.09 ± 0.19) × 101 17.47 ± 0.23 0.0820 0.0273 0.1016 0.0469
100 109 5133 (9.93 ± 0.12) × 101 32.76 ± 0.87 0.0472 0.0146 0.1076 0.0436

(Nu), the thermal boundary layer thicknesses near the top and bottom boundaries (λt
T and λb

T ,
respectively), and the viscous boundary layer thicknesses near the top and bottom boundaries (λt

V
and λb

V , respectively). We also report the associated errors in Re and Nu, with maximum errors of
20% and 18%, respectively, for 2D convection, and 7% and 6% for 3D convection. Simulations were
conducted on Param Sanganak at IIT Kanpur and local laboratory clusters. Some of the simulations
requiring higher grid resolutions were performed on Polaris at Argonne National Laboratory and on
HPC cluster of the Kotak School of Sustainability at IIT Kanpur.

In the following three sections, we discuss the effect of Prandtl number on the flow structures,
scaling of global quantities (Nu and Re), and the thermal and viscous boundary layers.

IV. VARIATION OF FLOW DYNAMICS WITH PRANDTL NUMBER

In this section, we explore the superadiabatic field profiles to understand variations in the flow
structure, adiabatic temperature profiles, and the vertical field profiles to highlight the effect of Pr
on the system.
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(c) Pr = 0.01 (3D) (d ) Pr = 100 (3D)

(a) Pr = 0.01 (2D) (b) Pr = 100 (2D)

FIG. 2. Plots of the superadiabatic temperature Tsa (r) for (a), (c) Pr = 0.01 and (b), (d) Pr = 100 with
Ra = 109. The top panel is for 2D and the bottom panel is for 3D. Hotter (red) and colder (blue) regions
correspond to Tsa = 0 and −0.1, respectively.

A. Flow structures

In compressible convection, the bulk flow is generally dominated by the adiabatic equilibrium
profile [53,57]. As a result, using the total temperature field to visualize the flow can hide important
details about the flow structures. Therefore, it is a standard practice to plot the superadiabatic
temperature, Tsa (r) [Eq. (11)], for better visualization of the flow structures. The impact of the
variation of Ra on these flow structures at Pr = 0.7 for turbulent compressible convection has
already been discussed in detail by Tiwari et al. [53]. Here, we focus on the effect of Pr on the
flow states at a fixed Ra = 109.

We plot the superadiabatic temperature profiles in Figs. 2(a) and 2(b) for 2D and Figs. 2(c)
and 2(d) for 3D, at Pr = 0.01 and 100. Note that Tsa ranges from 0 to −0.1, with 0 and −0.1
representing the hotter (red) and colder (blue) regions, respectively. In both 2D and 3D, the bulk-
averaged Tsa remains between −0.02 and −0.03, confirming that the bulk remains close to the
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(a) (b)

FIG. 3. Normalized probability distribution function (PDF) of the temporal averaged ratio of kinetic and
internal energy, r = Ke/Ie, for (a) 2D and (b) 3D, with Pr = 0.05 (red), 0.7 (green), 5 (orange), and 100 (blue)
at Ra = 109. The inset shows the spatiotemporal averaged temperature profiles, 〈T 〉x,t in (a) for 2D and 〈T 〉A,t

in (b) for 3D; the black dashed line denotes the adiabatic temperature profile TA(z).

adiabatic equilibrium profile. This behavior contrasts with that of RBC, where the mean temperature
is typically symmetric. For small Pr (Pr = 0.01), the flow is dominated by coherent large-scale
structures, as seen in Figs. 2(a) and 2(c). As Pr increases, large-scale flow states becomes less
prominent, and thin thermal plumes start emanating from both the top and bottom boundaries [see
Figs. 2(b) and 2(d) at Pr = 100]. Similar phenomena have been widely reported in previous studies
of RBC, both experimental and numerical [8,22].

Another notable feature that is observed in compressible convection is the asymmetry of the
thermal boundary layers [52,53]. At low Pr (Pr = 0.01), the top thermal boundary layer is visibly
thicker than the bottom one [Figs. 2(a) and 2(c)]. With the increase in Pr, both boundary layers
become thinner. However, for large Pr as well, this asymmetry persists and the top boundary layer
is thicker compared to the bottom one. We will discuss the details on the thermal boundary layer
thicknesses and its scaling with both Ra and Pr in Sec. VI. In the next subsection, we examine the
energetics and adiabatic temperature profiles.

B. Comparision of kinetic and internal energies

To examine the thermodynamic state of the system, we analyze the ratio of kinetic to internal
energy, defined as

r = Ke

Ie
= ρu2/2

ρCV T
, (16)

where Ke and Ie are the kinetic and internal energy densities, respectively. We compute this ratio
at every spatial point and then perform a temporal average over 12 to 15 snapshots, spaced 5 time
units apart, after the system reaches a statistically steady state. Figure 3 presents the normalized
probability density function (PDF) of r for both 2D and 3D convection at Ra = 109, for Pr =
0.05, 0.7, 5, and 100. For all cases, we notice that r → 0, indicating that internal energy vastly
dominates over kinetic energy in most of the domain. This trend is especially pronounced at high
Pr’s, where the root-mean-square (rms) velocity—and consequently Ke—is small. As Pr decreases,
the rms velocity increases, resulting in a larger Ke and hence an increase in r. For Pr = 0.05, we find
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that r � 0.03 in 2D and � 0.01 in 3D, suggesting that significantly low Prandtl numbers are needed
for kinetic energy to become comparable to internal energy. The value of r is smaller in 3D than in
2D because, in 2D convection, kinetic energy is concentrated in large-scale coherent motions due to
the inverse energy cascade [68,69]. In contrast, in 3D, the energy cascades forward to smaller scales
and is distributed among three velocity components, yielding a smaller kinetic-to-internal energy
ratio.

Due to the dominance of internal energy over the kinetic energy in the bulk, the total temperature
field exhibits a nearly linear vertical profile in the bulk, with a gradient that closely matches
the adiabatic lapse rate, −g/Cp. This behavior is illustrated in the insets of Fig. 3, which show
the horizontally and temporally averaged temperature profiles—〈T 〉x,t in 2D and 〈T 〉A,t in 3D—for
the same four Prandtl numbers. In all cases, the total temperature profiles closely follow the
background adiabatic equilibrium profile TA(z) = 1 − (g/Cp)z, indicated by the black dashed line.
Deviations from this trend are confined to thin boundary layers near the walls. It is also worth noting
that 〈T 〉x,t and 〈T 〉A,t remain largely insensitive to variations in Pr and closely follow the adiabatic
profile, except for minor deviations at low Pr in 2D due to fluctuations [70], as shown in the insets
of Fig. 3. These fluctuations arise in 2D at low Pr due to the absence of vortex stretching [71], which
allows coherent large-scale structures to persist and modulate the mean temperature profile around
〈T 〉 ≈ 0.5.

Next, we will discuss the vertical profiles of the temperature and density relative to their
respective adiabatic counterparts.

C. Vertical profiles

In Sec. IV B, we showed that the bulk is mostly dominated by the adiabatic profile. Therefore, to
highlight the effects of Pr on the temperature and density, we subtract the corresponding adiabatic
profiles. We analyze the planar and temporal averaged superadiabatic temperature, 〈Tsa〉 = 〈T −
TA(z)〉, and the deviation of density from the adiabatic state, 〈ρ − ρA(z)〉. Note that these averages
are obtained using 15 to 20 snapshots, with an interval of 5 time units.

Figure 4 shows the vertical profiles of these quantities, where the left and right columns corre-
spond to the 2D and 3D cases, respectively, for Pr = 0.05, 0.7, 5, and 100, at Ra = 109. As evident
from Figs. 4(a) and 4(b), the superadiabatic temperature remains close to the adiabatic temperature
with an average value around 〈Tsa〉 ≈ −0.025 in the bulk, for both 2D and 3D. This observation is
consistent with the field plots of Tsa presented earlier in Sec. IV A, and reflects the strong influence
of the background adiabatic stratification that dominates the thermal structures in the bulk region. In
3D, we observe that the Tsa profiles nearly overlap for all Pr, indicating minimal Pr dependence in
the bulk, except near the boundaries. In contrast, the 2D flows exhibit noticeable deviations from the
adiabatic profile with varying Pr. Specifically, high-Pr flows show larger deviations from adiabaticity
in the bulk compared to low-Pr flows. A pronounced asymmetry is also observed in the boundary
layers, with stronger superadiabatic cooling near the top boundary compared to the bottom in all
cases [52,53].

The density deviations, shown in Figs. 4(c) and 4(d), are similarly confined near the boundaries,
while the bulk region remains close to the adiabatic profile. In both 2D and 3D simulations, the
density variations are more pronounced near the bottom boundary than near the top boundary. This
asymmetry was also reported in our earlier study examining the dependence of Ra at fixed Pr [53].
With varying Pr, we find that in the upper part of the bulk, density remains closer to the adiabatic
profile, whereas in the lower bulk, larger deviations persist. Similar to the temperature profiles,
in 3D, the profiles of 〈ρ − ρA(z)〉 for different Pr values collapse almost perfectly onto a single
curve throughout most of the bulk, again indicating weak sensitivity to Pr in the turbulent interior.
However, 2D flows show stronger fluctuations in density deviations. Specifically, low-Pr flows
exhibit larger departures from adiabaticity in the upper bulk, while high-Pr flows show stronger
deviations near the lower boundary.
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(a) (b)

(c) (d)

FIG. 4. Plots of the spatiotemporal averaged (a), (b) 〈Tsa (z)〉 = 〈T − TA(z)〉 and (c), (d) 〈ρ − ρA(z)〉 at
Ra = 109. The left column is for 2D and right is for 3D. The color scheme is same as Fig. 3. The dotted black
line represents the zero line.

Together with the results from varying Ra [53], these findings confirm that the asymmetry in
both thermal and density structures is a robust and persistent feature of compressible convection.
We now turn our attention to the scaling of global quantities.

V. SCALING OF THE NUSSELT AND REYNOLDS NUMBER

In this section, we compute the global quantities—the Nusselt number and the Reynolds
number—and analyze their dependence on both Ra and Pr.

The Nusselt number (Nu) is computed using Eq. (13). Time averaging is performed over 2000 to
8000 data frames after the system reaches a statistically steady state. The computed Nu values, along
with their standard errors, are listed in Tables I and II for the 2D and 3D simulations, respectively.
From both tables, it is evident that Nu is consistently higher in 2D than in 3D for low-Pr cases. This
difference may be attributed to the presence of the toroidal component of velocity in 3D flows—
which is absent in 2D—and which increases kinetic energy at low Pr, thereby lowering Nu [63,64].

Earlier studies on RBC suggest that Nu follows distinct scaling laws in the low- and high-Pr
regimes [26,34,38,63,72]. Therefore, to examine the Pr dependence of Nu in compressible convec-
tion, we also divide the analysis into two regimes: low-Pr (Pr < 1) and high-Pr (Pr > 1). In Fig. 5,
we plot the compensated quantity NuRa−αPr−β as a function of Pr for Ra = 107, 108, and 109. From
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(a) (b)

(c) (d)

FIG. 5. Scaling of normalized Nu with Pr for (a), (c) Pr < 1 and (b), (d) Pr > 1. The top row (a), (b) shows
2D results, while the bottom row (c), (d) shows 3D results. The red circles, green squares, and blue diamonds
correspond to Ra = 107, Ra = 108, and Ra = 109, respectively. Error bars represent the standard deviation in
the time series of Nu at each Ra and Pr.

the figure, we observe that Nu increases with both Ra and Pr in the two regimes. For 2D convection,
Nu exhibits a weak dependence on Pr in both regimes, as shown in Figs. 5(a) and 5(b) [63]. However,
this dependence is slightly more pronounced for Pr < 1, due to the presence of large-scale coherent
structures at low Pr. The Ra exponent increases slightly from Pr < 1 to Pr > 1, suggesting that heat
transport becomes more efficient with increasing Ra, particularly for high-Pr fluids. Note that for
2D and Pr < 1, although the data points for Ra = 107 are shown in Fig. 5(a), they are excluded from
the scaling fit due to larger discrepancies at that Ra. In contrast, the 3D convection data [Figs. 5(c)
and 5(d)] reveal two distinct scaling regimes. For Pr < 1, Nu displays a strong dependence on both
Ra and Pr; whereas for Pr > 1, while the Ra dependence remains comparable, the sensitivity to Pr is
significantly weaker in this regime. The Nu scaling for both 2D and 3D convection in both regimes
are reported in Table III.

The high heat transport observed at low-Pr values is due to the presence of large-scale flows,
whereas at high-Pr, thermal plumes serve as the dominant mechanism for heat transport [8,22,64].

TABLE III. Scaling relations for the Nusselt number (Nu) and the Reynolds number (Re) with Ra and Pr
for Pr < 1 and Pr > 1 in 2D and 3D convection.

Quantity Dim Pr < 1 Pr > 1

Nu 2D (0.24 ± 0.07) Ra0.22±0.01Pr0.04±0.01 (0.077 ± 0.006) Ra0.28±0.004Pr0.02±0.007

Nu 3D (0.11 ± 0.01) Ra0.27±0.006Pr0.16±0.007 (0.099 ± 0.008) Ra0.27±0.004Pr0.034±0.008

Re 2D (0.20 ± 0.08) Ra0.51±0.02Pr−0.78±0.03 (0.05 ± 0.006) Ra0.60±0.006Pr−0.99±0.01

Re 3D (0.41 ± 0.04) Ra0.45±0.006Pr−0.64±0.007 (0.17 ± 0.02) Ra0.51±0.007Pr−0.91±0.01

114611-12



PRANDTL NUMBER DEPENDENCE IN TURBULENT …

TABLE IV. Scaling of the volume-time averaged correlation C(ρuz, Tsa ), root-mean-square values of ρuz

and Tsa with Pr in 2D and 3D at Ra = 107, 108, and 109. Top: Pr < 1, bottom: Pr > 1.

Quantity Dim Ra = 107 Ra = 108 Ra = 109

Pr < 1
C(ρuz, Tsa ) 2D (0.08 ± 0.003) Pr−0.18±0.01 (0.05 ± 0.003) Pr−0.11±0.02 (0.02 ± 0.001) Pr−0.24±0.01

〈(ρuz )2〉1/2 2D (0.10 ± 0.007) Pr−0.33±0.03 (0.12 ± 0.01) Pr−0.24±0.04 (0.14 ± 0.004) Pr−0.16±0.01

〈T 2
sa〉1/2 2D (0.029 ± 0.001) Pr−0.04±0.006 (0.025 ± 0.0004) Pr−0.06±0.006 (0.025 ± 0.0003) Pr−0.03±0.004

C(ρuz, Tsa ) 3D (0.14 ± 0.007) Pr−0.12±0.02 (0.11 ± 0.003) Pr−0.16±0.01 (0.08 ± 0.005) Pr−0.19±0.02

〈(ρuz )2〉1/2 3D (0.07 ± 0.003) Pr−0.14±0.02 (0.06 ± 0.0003) Pr−0.137±0.002 (0.05 ± 0.002) Pr−0.13±0.01

〈T 2
sa〉1/2 3D (0.029 ± 0.001) Pr−0.05±0.01 (0.028 ± 0.0003) Pr−0.03±0.004 (0.026 ± 0.0003) Pr−0.02±0.004

Pr > 1

C(ρuz, Tsa ) 2D (0.07 ± 0.002) Pr−0.02±0.01 (0.04 ± 0.001) Pr0.003±0.008 (0.02 ± 0.001) Pr0.023±0.014

〈(ρuz )2〉1/2 2D (0.08 ± 0.004) Pr−0.44±0.02 (0.11 ± 0.004) Pr−0.494±0.01 (0.14 ± 0.003) Pr−0.498±0.005

〈T 2
sa〉1/2 2D (0.035 ± 0.0005) Pr−0.016±0.004 (0.033 ± 0.0006) Pr−0.028±0.005 (0.034 ± 0.0006) Pr−0.024±0.005

C(ρuz, Tsa ) 3D (0.10 ± 0.008) Pr−0.08±0.02 (0.08 ± 0.001) Pr−0.13±0.03 (0.06 ± 0.001) Pr−0.13±0.05

〈(ρuz )2〉1/2 3D (0.093 ± 0.001) Pr−0.45±0.02 (0.073 ± 0.001) Pr−0.37±0.04 (0.07 ± 0.001) Pr−0.36±0.04

〈T 2
sa〉1/2 3D (0.032 ± 0.0001) Pr−0.01±0.001 (0.028 ± 0.0005) Pr−0.011±0.005 (0.027 ± 0.0005) Pr−0.01±0.005

Schmalzl et al. [63] first noted in 2D RBC that at Ra = 106, Nu exhibited no significant variation
across a broad Pr range of 10−2 � Pr � 102. We find that in our compressible simulations too, Nu
does not vary much with Pr in 2D, even up to Ra = 109. In 3D, it is also worth noting that the scaling
exponents obtained are in good agreement with those reported for RBC [8,22,64,73].

From Eq. (12), since NuK � Nuconv [53], we can approximate the bulk Nu as

Nu ≈ 1 +
√

RaPr

ε
〈ρuzTsa〉V,t . (17)

Based on Eq. (17), one might expect Nu to scale as Ra0.5Pr0.5. However, our numerical results reveal
deviations from this scaling, primarily due to the nontrivial dependence of the convective heat flux
term 〈ρuzTsa〉V,t on both Ra and Pr. To make this dependence explicit, we express the term as

〈ρuzTsa〉V,t = C(ρuz, Tsa )〈(ρuz )2〉1/2
V,t

〈
T 2

sa

〉1/2

V,t , (18)

where C(ρuz, Tsa ) is the normalized correlation between ρuz and Tsa defined as

C(ρuz, Tsa ) =
〈

〈ρuzTsa〉V

〈(ρuz )2〉1/2
V

〈
T 2

sa

〉1/2

V

〉
t

. (19)

The scaling behaviors of the three terms in Eq. (18) with Pr are shown in Fig. 6 and with Ra are
shown in Fig. 7. These quantities collectively determine the effective Pr and Ra dependence of Nu.
The corresponding scaling exponents for each Ra are summarized in Table IV and for each Pr are
summarized in Table V.

From the Fig. 6 and Table IV, we observe that each of the three terms—C(ρuz, Tsa ), 〈(ρuz )2〉1/2,
and 〈T 2

sa〉1/2—decrease with increasing Pr and exhibit negative power-law scaling. Specifically, in
the case of 2D for both Pr < 1 and Pr > 1, these factors themselves make up ≈ Pr0.5, and therefore
Nu follows a very weak scaling with Pr in both regimes. A similar cancellation is observed in 3D for
Pr > 1. However, for Pr < 1, the combined scaling of the three components is approximately Pr0.32

leading to effective Nu ∼ Pr0.16 scaling. With Ra, the three terms collectively exhibit a decreasing
trend as ∼ Ra−0.28 for Pr < 1 and ∼ Ra−0.22 for Pr > 1 in 2D, resulting in effective Nu scalings of
∼ Ra−0.22 and ∼ Ra−0.28, respectively. In 3D, the combined scaling is consistently ∼ Ra−0.23 across
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(a) (b)

(c) (d)

(e) (f)

FIG. 6. Plots of the volume-time averaged (a), (b) C(ρuz, Tsa ), (c), (d) 〈(ρuz )2〉1/2, and (e), (f) 〈T 2
sa〉1/2 with

Pr. The left column is for 2D and right is for 3D. Filled (empty) markers with thin (thick) lines are for Pr < 1
(Pr > 1). Color convention is same as Fig. 5.

both Pr regimes, leading to a corresponding Nu scaling of ∼ Ra−0.27 (see Fig. 7 and Table V). Note
that the scaling of these terms with Ra exhibit larger errors, particularly in 2D. This is primarily due
to two factors: (i) the limited number of Rayleigh numbers (only three values) and (ii) the individual
quantities exhibit significant fluctuations in 2D compared to 3D.

Next, we discuss the scaling of the Reynolds number with Ra and Pr. The Reynolds number
(Re) is computed using Eq. (14), where the rms velocity U itself depends on both Ra and Pr, and
determines the effective scaling of Re with Ra and Pr. We compute Re by taking the time average
over 10 000 to 15 000 data frames and report these values in Table I for 2D and Table II for 3D,
along with their respective errors. From the tables, we observe that Re is consistently higher in 2D
than in 3D, especially at low Pr, likely due to reduced dissipation and stronger coherent structures
in 2D flows [63,64].

Analogous to Nu, we analyze the scaling behavior of Re with Ra and Pr by plotting the
compensated quantity ReRa−δPr−σ as a function of Pr in Fig. 8. We examine the scaling separately
in the low-Pr and high-Pr regimes. Previous studies on RBC suggest that Re typically scales as
−0.7 for Pr < 1, and decreases approximately linearly for large Pr [19,22,26,38,43,63,72]. The
Ra-exponent in RBC usually lies between 0.4 and 0.6 depending on Pr [8,19,22,38,62,66].

In our compressible convection simulations, we observe similar trends as well. Re shows a strong
dependence on both Ra and Pr, as presented in Fig. 8 and Table III. For both 2D and 3D convection,
Re increases significantly with Ra, with slightly higher Ra exponents at larger Pr, consistent with
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(a) (b)

(c) (d)

(e) (f)

FIG. 7. Plots of the volume-time averaged (a), (b) C(ρuz, Tsa ), (c), (d) 〈(ρuz )2〉1/2, and (e), (f) 〈T 2
sa〉1/2 with

Ra for different Pr’s. The left column is for 2D and right is for 3D.

prior RBC studies [8,19,38,66]. The Ra exponent in case of 2D is also higher compared to the case
of 3D across both Pr regimes [64]. Conversely, Re decreases with increasing Pr, more rapidly for
high-Pr compared to low-Pr, indicating that viscous effects suppress the flow velocity in high-Pr
fluids. This inverse Pr dependence is more pronounced in 2D compared to 3D [38,63,64].

We note that combined scaling relations for both Nu and Re are well established for RBC
but not for compressible convection. The prefactors obtained in the present study are consistently
smaller than those reported for RBC in both 2D and 3D [19,61,66,74], indicating reduced heat and
momentum transport efficiency in the presence of compressibility. This trend is consistent with a
previous comparative study, where the prefactors for RBC were found to be systematically larger
than those for compressible convection in both 2D and 3D [74].

VI. PRANDTL DEPENDENCE OF THE BOUNDARY LAYER

We now shift our focus from the bulk to the boundaries. As noted in the discussion of temperature
profiles in Sec. IV, we find that the temperature drops rather sharply near the top and bottom walls.
To better understand the influence of the Prandtl number on the boundary layers, we now examine
their structure in more detail. First, we discuss the thermal boundary layers.

Figure 9 shows the zoomed-in profiles of 〈T 〉x,t for 2D and 〈T 〉A,t for 3D, near the top and bottom
boundaries, for Pr = 0.05, 0.7, 5, 100 at Ra = 109. Unlike the bulk region, where the temperature
profile remains nearly independent of Pr, the thermal structure near the boundaries displays a strong
sensitivity to Pr. It is evident from the figure that an increase in Pr results in gradual thinning of
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TABLE V. Scaling of the volume-time averaged correlation C(ρuz, Tsa ), root-mean-square values of ρuz

and Tsa with Ra for different Pr. Top: 2D, bottom: 3D.

Pr C(ρuz, Tsa ) 〈(ρuz )2〉1/2 〈T 2
sa〉1/2

2D
0.01 (5.35 ± 5.80) Ra−0.21±0.06 (1.44 ± 0.28) Ra−0.078±0.010 (0.075 ± 0.016) Ra−0.045±0.012

0.05 (7.00 ± 3.20) Ra−0.24±0.02 (0.70 ± 0.19) Ra−0.053±0.015 (0.060 ± 0.008) Ra−0.038±0.007

0.1 (3.42 ± 2.50) Ra−0.21±0.04 (0.30 ± 0.17) Ra−0.014±0.031 (0.054 ± 0.004) Ra−0.035±0.004

0.5 (7.81 ± 7.10) Ra−0.27±0.05 (0.043 ± 0.001) Ra0.064±0.002 (0.051 ± 0.010) Ra−0.034±0.011

0.7 (6.64 ± 2.90) Ra−0.27±0.02 (0.031 ± 0.003) Ra0.075±0.004 (0.047 ± 0.009) Ra−0.031±0.010

5 (5.56 ± 3.80) Ra−0.27±0.04 (0.0066 ± 0.0004) Ra0.111±0.003 (0.039 ± 0.014) Ra−0.010±0.020

25 (3.55 ± 1.40) Ra−0.25±0.02 (0.0047 ± 0.0004) Ra0.088±0.004 (0.041 ± 0.011) Ra−0.015±0.014

50 (3.73 ± 2.10) Ra−0.25±0.03 (0.0036 ± 0.0006) Ra0.083±0.009 (0.039 ± 0.017) Ra−0.014±0.023

75 (3.88 ± 2.70) Ra−0.25±0.04 (0.0027 ± 0.0007) Ra0.088±0.014 (0.041 ± 0.017) Ra−0.016±0.023

100 (3.06 ± 1.90) Ra−0.24±0.03 (0.004 ± 0.001) Ra0.065±0.014 (0.041 ± 0.019) Ra−0.016±0.025

3D

0.01 (0.53 ± 0.25) Ra−0.050±0.025 (0.32 ± 0.03) Ra−0.058±0.006 (0.12 ± 0.03) Ra−0.072±0.012

0.05 (0.61 ± 0.10) Ra−0.066±0.009 (0.47 ± 0.05) Ra−0.090±0.005 (0.062 ± 0.001) Ra−0.039±0.001

0.1 (0.59 ± 0.07) Ra−0.070±0.006 (0.28 ± 0.07) Ra−0.066±0.014 (0.067 ± 0.007) Ra−0.044±0.006

0.5 (0.93 ± 0.12) Ra−0.113±0.007 (0.23 ± 0.01) Ra−0.068±0.003 (0.055 ± 0.001) Ra−0.036±0.001

0.7 (0.67 ± 0.17) Ra−0.098±0.014 (0.16 ± 0.02) Ra−0.051±0.008 (0.058 ± 0.007) Ra−0.040±0.007

5 (0.74 ± 0.001) Ra−0.128±0.000 (0.080 ± 0.017) Ra−0.038±0.012 (0.057 ± 0.007) Ra−0.039±0.006

25 (1.15 ± 0.21) Ra−0.17±0.01 (0.025 ± 0.002) Ra−0.002±0.005 (0.053 ± 0.012) Ra−0.035±0.012

50 (0.85 ± 0.42) Ra−0.16±0.03 (0.016 ± 0.007) Ra0.004±0.023 (0.054 ± 0.012) Ra−0.037±0.012

75 (1.31 ± 0.34) Ra−0.18±0.01 (0.007 ± 0.002) Ra0.037±0.018 (0.053 ± 0.011) Ra−0.035±0.011

100 (0.76 ± 0.44) Ra−0.15±0.03 (0.011 ± 0.004) Ra0.005±0.021 (0.058 ± 0.005) Ra−0.041±0.004

the thermal boundary layers [22,26,28,53]. This trend is observed consistently at both the top and
bottom boundaries in both 2D and 3D simulations. Moreover, for a given Ra and Pr, the thermal
boundary layer near the top wall is thicker than that near the bottom wall. This asymmetry between
the top and bottom layers is a distinctive feature of compressible convection and arises due to the
stratification of the fluid [52,53]. In particular, the thermal diffusivity κ is higher near the top wall
than near the bottom, which results in broader thermal gradients and hence a thicker boundary layer
at the top.

We now extend this qualitative discussion with a quantitative analysis by computing the thick-
nesses of the thermal boundary layers at the top and bottom. Note that the dependence of these
thicknesses on Ra has already been discussed by Tiwari et al. [53] for fixed Pr = 0.7. Here, we
explore their combined dependence on both Ra and Pr. As mentioned in Sec. IV B, the temper-
ature profile in the bulk exhibits superadiabatic cooling, with its slope closely approximating the
adiabatic temperature gradient D = −0.5. To determine the top and bottom thermal boundary layer
thicknesses, λt

T and λb
T , we locate the grid points where the slope of 〈T 〉A,t approaches D = −0.5.

The computed values of λt
T and λb

T are listed in Tables I and II for the 2D and 3D simulations,
respectively. As evident from the tables, λt

T consistently exceeds λb
T across all Ra and Pr.

To highlight the scaling behavior, we plot the normalized thermal boundary layer thicknesses,
λ̃t,b

T = λt,b
T Ra−χPr−ζ , as functions of Pr for the 2D and 3D simulations in Fig. 10. The left and right

y axes in the figure correspond to the axes for the thicknesses of top and bottom thermal boundary
layers, respectively. The color scheme follows that of Fig. 5; the solid and hollow markers represent
the top and bottom thermal boundary layer thicknesses, respectively. In all cases, the prefactor of λ̃t

T
is larger than that of λ̃b

T , reaffirming that the top thermal boundary layer is consistently thicker than
the bottom one. This is a characteristic feature of compressible convection [52,53]. Moreover, the
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(a) (b)

(c) (d)

FIG. 8. Scaling of normalized Re with Pr for (a), (c) Pr < 1 and (b), (d) Pr > 1. The top panel (a), (b) is
for 2D, while the bottom panel (c), (d) is for 3D. Color convention follows that of Fig. 5. Error bars represent
the standard deviation in the time series of Re at each Ra and Pr.

scaling exponents for the top and bottom boundaries are distinct, which is in contrast to the identical
scaling observed in RBC [75].

FIG. 9. Zoomed-in plots of (a), (c) 〈T 〉x,t for 2D and (b), (d) 〈T 〉A,t for 3D, shown near the top boundaries
(a), (b) and the bottom boundaries (c), (d). The same color convention for different Pr’s is used as in Fig. 3,
with gray arrows indicating increasing Pr.
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(a) (b)

(c) (d)

FIG. 10. Plots of normalized thermal boundary layer thicknesses λ̃t,b
T with Pr for (a), (c) Pr < 1 and (b), (d)

Pr > 1. The top panel (a), (b) is for 2D, and the bottom panel (c), (d) is for 3D. Color coding is same as Fig. 5;
the solid and hollow markers are for the top and bottom thermal boundary layer thicknesses. The left and right
y axes represent the axes for thicknesses of the top and bottom thermal boundary layers, respectively.

The scaling relations of the thermal boundary layer thicknesses for 2D convection are

λt
T =

{
(1.44 ± 0.18)Ra−0.14±0.007Pr−0.09±0.008 if Pr < 1
(5.34 ± 0.56)Ra−0.22±0.01Pr−0.061±0.01 if Pr > 1

, (20)

λb
T =

{
(0.13 ± 0.023)Ra−0.098±0.01Pr−0.13±0.01 if Pr < 1
(1.40 ± 0.23)Ra−0.20±0.01Pr−0.075±0.015 if Pr > 1

. (21)

The scaling relations of the thermal boundary layer thicknesses for 3D convection are

λt
T =

{
(2.11 ± 0.19)Ra−0.17±0.005Pr−0.14±0.006 if Pr < 1
(2.58 ± 0.43)Ra−0.18±0.008Pr−0.032±0.015 if Pr > 1

, (22)

λb
T =

{
(0.076 ± 0.013)Ra−0.063±0.01Pr−0.076±0.011 if Pr < 1
(0.21 ± 0.08)Ra−0.12±0.02Pr−0.018±0.035 if Pr > 1

. (23)

The Ra dependence in both 2D and 3D is consistent with the findings of Tiwari et al. [53]: the top
thermal boundary layer exhibits a steeper temperature gradient with increasing Ra compared to the
bottom boundary. However, the Pr dependence exhibits contrasting behavior between 2D and 3D.
In 2D, the bottom boundary shows a stronger Pr dependence, with steeper gradients than the top for
both Pr < 1 and Pr > 1. In contrast, in 3D, it is the top boundary that exhibits a more pronounced
variation with Pr, while the bottom boundary shows a weaker dependence. Furthermore, we find that
for Pr > 1, the scaling exponents are smaller than those for Pr < 1, indicating that the influence of
Pr on the thermal boundary layer thicknesses weakens with increasing Pr and can saturate for high
Prandtl numbers [26].

We also discuss the influence of Pr on the viscous boundary layers across different Ra and Pr.
Figure 11 shows the vertical profiles of the temporal averaged horizontal rms velocity, calculated as
Uh =

√
〈u2

x〉 in 2D and Uh =
√

〈u2
x + u2

y〉 in 3D, for Ra = 109 and the same four Prandtl numbers
(Pr = 0.05, 0.7, 5, 100). These temporal averages are obtained over 15 to 20 snapshots, taken at
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(a) (b)

FIG. 11. Plots of the temporal averaged horizontal root-mean-square velocity Uh for (a) 2D and (b) 3D
with Ra = 109. Color convention is same as Fig. 3.

intervals of 5 time units. As seen in the figure, Uh displays clear local maxima near both the top and
bottom boundaries. We define the viscous boundary layer thickness as the distance from the wall to
the location of this local maximum. As Pr increases, these peaks shift farther away from the walls,
indicating a thickening of the viscous boundary layers with increasing Pr. This trend is consistent
with previous studies on RBC [19,22,26,28,65]. However, unlike RBC, compressible convection
exhibits vertical asymmetry: the top viscous boundary layer is consistently thicker than the bottom
one, similar to the behavior observed for the thermal boundary layers.

We calculate the thicknesses of the velocity boundary layers, λt
V and λb

V , near the top and bottom
boundaries for each Ra and Pr. The computed values, listed in Table I for 2D and Table II for 3D,
show that λt

V > λb
V for all Ra and Pr. Also note that for Pr < 1, the thermal boundary layer is thicker

than the viscous one, while for Pr > 1, the viscous layer dominates. Figure 12 displays the scaling
of the normalized viscous boundary layer thicknesses, λ̃t,b

V = λt,b
V Ra−ξ Pr−η, with Pr for both 2D and

3D convection. The color scheme is similar to Fig. 10. As shown in the figure, the prefactor of λ̃t
V

is larger than that of λ̃b
V in all cases, implying that the viscous boundary layer is thicker near the top

boundary compared to the bottom one.
The scaling relations of the viscous boundary layer thicknesses for 2D convection are

λt
V =

{
(2.1 ± 0.5)Ra−0.19±0.01Pr0.10±0.01 if Pr < 1
(0.25 ± 0.11)Ra−0.07±0.02Pr0.17±0.04 if Pr > 1

, (24)

λb
V =

{
(0.11 ± 0.04)Ra−0.09±0.02Pr0.07±0.02 if Pr < 1
(0.03 ± 0.02)Ra−0.02±0.04Pr0.18±0.07 if Pr > 1

. (25)

The scaling relations of the viscous boundary layer thicknesses for 3D convection are

λt
V =

{
(1.83 ± 0.27)Ra−0.19±0.01Pr0.10±0.01 if Pr < 1
(0.31 ± 0.09)Ra−0.07±0.01Pr0.10±0.03 if Pr > 1

, (26)

λb
V =

{
(0.16 ± 0.05)Ra−0.11±0.02Pr0.15±0.02 if Pr < 1
(0.14 ± 0.03)Ra−0.11±0.01Pr0.22±0.02 if Pr > 1

. (27)

We find that, in compressible convection as well, λt,b
V increases with Pr and decreases with Ra,

consistent with earlier studies on RBC [8,19,22,26,65]. Note that the magnitude of scaling exponent
for Ra is higher for Pr < 1 compared to Pr > 1 in all cases, indicating that the viscous boundary
layer thickness decreases more rapidly with Ra at low Pr. In contrast, the scaling exponents for Pr
are larger for Pr > 1 than for Pr < 1, which implies a steeper increase in the viscous boundary layer
thicknesses with Pr for Pr > 1. Moreover, the thickness of top viscous boundary layer decreases
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(a) (b)

(c) (d)

FIG. 12. Plots of normalized viscous boundary layer thicknesses λ̃t,b
V with Pr for (a), (c) Pr < 1 and (b), (d)

Pr > 1. The top panel (a), (b) is for 2D, and the bottom panel (c), (d) is for 3D. Color convention is same as
Fig. 10.

faster with Ra than the bottom boundary layers in both the low-Pr and high-Pr regimes. With Pr,
the bottom boundary layer thickness increases faster than the top in 3D for both regimes. A similar
trend is observed in 2D for Pr > 1, while for Pr < 1, the top viscous boundary layer increases slightly
faster than the bottom one.

VII. CONCLUSIONS

In this paper, we present the results of extensive 2D and 3D numerical simulations to investigate
the influence of the Prandtl number (Pr) on turbulent compressible convection. We conducted a
total of 60 simulation runs in 2D and 3D, varying the Rayleigh number, Ra, and Pr in the range:
Ra = 107, 108, 109 and 0.01 � Pr � 100 to cover a wide range of complex fluids. While a com-
prehensive study of the dependence of Ra and Pr on various quantities exists on RBC, the same for
turbulent compressible convection is very limited. Our work makes a significant contribution in this
direction.

We investigate several key aspects of the problem, including the effect of Pr on flow structures,
energetics, vertical field profiles, scaling of global quantities, and boundary layer dynamics. Due
to compressibility, the density is higher near the bottom boundary than the top, resulting in
asymmetric dynamics that differ from the symmetric behavior observed in RBC. Despite this, our
simulations reveal that some features observed in RBC—such as large-scale circulations at low Pr
and long-tailed plumes at high Pr—also appear in compressible convection. However, due to the
presence of an adiabatic background profile, compressible convection exhibits distinct behavior.
The internal energy consistently dominates over the kinetic energy across all Prandtl numbers and
the total temperature closely follows the adiabatic profile in the bulk, leading to an asymmetry in the
mean temperature distribution. Although the flow structures may resemble those in RBC, adiabatic
cooling shifts the superadiabatic temperature field toward the hotter side in the bulk—a contrast to
RBC, where the mean temperature profile is symmetric.
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The deviations of both temperature and density from their respective adiabatic profiles are
smallest at the lowest Pr and largest at the highest Pr considered in 2D simulations, indicating a
stronger departure from adiabaticity at higher Pr. In contrast, these deviations in 3D show minimal
dependence on Pr. The Nusselt number, Nu, exhibits a very weak Pr dependence in 2D for both
Pr < 1 and Pr > 1. In 3D, Nu increases with Pr for Pr < 1, approximately as ∼ Pr0.16, and shows
only a weak variation for Pr > 1. The Ra exponent in 2D increases slightly from ∼ Ra0.22 for Pr < 1
to ∼ Ra0.28 for Pr > 1, whereas in 3D it remains nearly constant ∼ Ra0.27. The combined scaling
of the normalized correlation along with the root-mean-square values of ρuz and Tsa leads to a
reduction of Nu from the theoretical prediction of Nu ∼ Ra0.5Pr0.5. The Reynolds number shows
a strong dependence on Pr, scaling approximately as ∼ Pr0.7 and ∼ Pr0.95 for Pr < 1 and Pr > 1,
respectively. The Ra exponent is higher for 2D than in 3D, and also higher for Pr < 1 compared to
Pr > 1.

The boundary layers display a pronounced top-bottom asymmetry, with the top boundary layer
consistently thicker than the bottom one across all Pr. The thicknesses of both the top and bottom
thermal boundary layers decrease with increasing Pr, while the velocity boundary layer thicknesses
increase with Pr. The thermal boundary layers exhibit a steeper Pr dependence for Pr < 1 than for
Pr > 1, whereas the opposite trend is observed for the viscous boundary layer, with a steeper scaling
for Pr > 1. Correspondingly, the Ra exponents is larger for Pr > 1 in the thermal boundary layers,
but larger for Pr < 1 in the viscous boundary layers. In addition, we find that the top and bottom
boundary layers follow distinct scaling laws with Ra and Pr, highlighting asymmetry not only in
structure but also in scaling behavior.

Overall, our study provides a detailed characterization of turbulent compressible convection
across a wide range of Prandtl and Rayleigh numbers in both two and three dimensions. These
findings deepen our understanding of stratified convection and can have important implications
for modeling convection in geophysical and astrophysical systems. Future work could investigate
the influence of varying stratification, or the role of compressibility in multiscale energy transfer.
Additionally, exploring the effects of rotation, magnetic field, and boundary conditions could help
extend the relevance of these findings to more realistic natural systems.
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APPENDIX: COMPARISON BETWEEN MACCORMACK-TVD AND OTHER SCHEMES

To assess the sensitivity of our results to the numerical scheme, we performed additional
simulations using a third-order Central weighted essentially nonoscillatory (CWENO3) scheme and
compared them with those obtained using the second-order MacCormack-TVD scheme employed
in the main text. Both schemes were implemented with identical conditions and grid resolution at
Ra = 109 and Pr = 0.1, while keeping other parameters fixed.
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FIG. 13. Temporal evolution of Nu using the MacCormack-TVD scheme (blue) and CWENO3 scheme
(red) at Ra = 109 and Pr = 0.1 for 2D convection. Both schemes yield similar results.

Figure 13 shows the temporal evolution of the Nusselt number, Nu, computed using both
schemes. The time-averaged values are Nu = 19.69 ± 0.75 for the MacCormack–TVD scheme and
Nu = 18.95 ± 0.51 for the CWENO3 scheme. These results demonstrate that the MacCormack-
TVD scheme provides quantitatively consistent results with the higher-order CWENO3 scheme,
confirming that the conclusions reported in the main text are robust and independent of the numerical
scheme.

In addition, our code has been validated in a previous study [53] where the computed Nu and
Re differed by less than 3% from those reported by John and Schumacher [57]. They employed
a sixth-order compact finite-difference scheme for spatial derivatives (with lower-order treatments
near the walls), confirming that our second-order MacCormack-TVD scheme yields quantitatively
consistent results for similar convection setups. This close agreement is expected, because large-
scale global quantities such as Nu and Re are relatively insensitive to the local order of numerical
discretization.
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