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Quantifying heat transport in turbulent convection remains a challenge. The two
competing models of heat transport predict that the nondimensional heat flux, known

as the Nusselt number (Nu), is proportional to Ral/3 (classical scaling) and Ral/2
(ultimate-regime scaling), where Ra is the Rayleigh number. Some experiments and
simulations report that the Nusselt number transitions from near classical scaling,
Ra®-3, to a larger power law when the boundary layer turns turbulent near Ra = 104,
However, others find Ra%-3 scaling to continue for larger Ra. In this work, we perform
a comparative study of Rayleigh-Bénard, compressible, and periodic convection in
two and three dimensions using direct numerical simulations. We show that up to
Ra = 10!% in two dimensions and up to Ra = 103 in three dimensions, the positive
and negative energy fluxes in Rayleigh-Bénard and compressible convection are nearly
equal. However, in the distribution function, the positive fluxes have longer tails than
the negative ones, and the differences between the positive and negative fluxes scale
as Ra— %20 which leads to Nu ~ Ra%3%, The above robust and universal properties,
even in the presence of a logarithmic layer in compressible convection, indicate a likely
absence of the ultimate regime in turbulent thermal convection. In contrast, periodic
convection, which is related to the ultimate regime, exhibits a predominantly positive
heat flux.

turbulent convection | turbulent heat transport | ultimate regime of convection | Rayleigh-Benard
convection | compressible convection

Turbulent convection, driven by heating from below and cooling from above, enhances
heat transport compared to thermal conduction. It plays an important role in
astrophysical systems, such as the atmospheres of planets and stars; in engineering
systems, such as boilers and heat exchangers; and in the kitchen, such as tea kettles. Even
though these systems have varying configurations and fluid properties, they exhibit certain
universal properties. For example, stellar convection with plasmas is compressive, whereas
thermal convection in Earth’s oceans has nearly constant material density. Researchers
have performed convection experiments and simulations on different fluids (air, water,
plasmas, and helium gas) in Cartesian boxes and spherical shells with different aspect
ratios. Yet, heat transport in turbulent convection follows certain universal features.
In particular, the normalized rms velocity and the convective heat transport vary
as approximately (A7)'/? and (AT)'/3, respectively, where A7 is the temperature
difference between the hot and cold surfaces (1-6). In this paper, our focus is on the
universal properties of heat transport. We demonstrate that the thermal boundaries
induce negative heat flux, and the difference between the positive and negative heat
fluxes leads to nearly classical (A7)'/3 scaling.

First, we discuss heat transport in a controlled setup called Rayleigh-Bénard convection
(RBC) in which a fluid confined between two plates is heated from below and cooled at
the top. RBC assumes Boussinesq approximation, according to which the fluid density
is constant, except in the buoyancy term, and the fluid parameters are constant in space
and time (1-6). The two nondimensional system parameters are the Rayleigh number
(Ra), which is the ratio of the buoyancy term and the diffusive term, and the Prandtl
number (Pr), which is the ratio of the kinematic viscosity and the thermal diffusivity.
The heat transport in the flow is quantified using a nondimensional parameter Nusselt
number (Nu), which is the ratio of total heat transfer and the conductive heat transfer.
In 1954, based on the assumption that the heat flux is independent of box height,
Priestley (7) derived that Nu is proportional to Ra'/?, which is called classical scaling,
In the same year, Malkus (8) arrived at a similar scaling relation by extremizing the
heat transport for various temperature profiles. Using mixing length theory, in 1962,
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Kraichnan (9) argued that for moderate Prandtl numbers, the
boundary layer becomes turbulent at large Rayleigh numbers,
leading to a scaling of Nu ~ [Ra(logRa)3]!/2. The scaling
Nu ~ Ra!/? is called ultimate regime scaling. Howard (10) also
employed variational principles and obtained an upper bound for

Nu as y/3Ra/64. Spiegel (11, 12) proposed that the turbulent
heat flux should be independent of the molecular diffusion, which
leads to Nu o (RaPr)'/2. In 1966, Howard (13) critically
summarized the results of Malkus, Herring, Kraichnan, and
Spiegel. In the same paper, Howard derived that Nu o (Ra)!/3
using an analytical model of diffusion and marginal stability in
the turbulent boundary layer (14). See also Doering (15) for
later applications of variational principles for computing upper
bounds on the Nusselt number. Shraiman and Siggia (16) derived
exact relations connecting Nu, Ra, and Pr, while Grossmann
and Lohse (17) developed a phenomenological framework that
predicts Nu scaling based on bulk and boundary-layer dissipation.
See Doering (18) for a concise historical perspective.

The existence of an ultimate regime remains a central question
in the field, leading to extensive experimental and numerical
investigations. Up to Ra ~ 10'2, most data are consistent with
the classical scaling exponent & 1/3 (1-3, 5, 17). For Ra beyond
104, using experiments and numerical simulations, Chavanne
et al. (19), He et al. (20), and Zhu et al. (21) show that the Nu
scaling exponent increases gradually up to 0.38 near Ra = 10'5;
it is assumed that the exponent will reach 1/2 asymptoti-
cally (22, 23). However, the experimental results of Niemela et al.
(24), Niemela and Sreenivasan (25), and Urban et al. (26),
and the numerical simulations of Iyer et al. (27) indicate
Nu ~ Ra%3 up to Ra = 10'°. Interestingly, RBC with
free-slip boundary condition exhibits approximately 1/3 scaling,
even though such flows are turbulent everywhere without a
viscous boundary layer (28, 29). Hence, the connection between
the ultimate regime and the turbulent boundary layer needs
a closer examination, as articulated in a recent article by
Doering (18).

The Boussinesq approximation does not hold in systems
exhibiting strong density fluctuations, e.g., solar convection (4).
Convection in such systems, referred to as compressible convec-
tion (CC), has been simulated by John and Schumacher (30, 31)
and Tiwari et al. (32) up to Ra &~ 10'® in two dimensions (2D)
and up to Ra ~ 10! in three dimensions (3D). These authors
report that Nu ~ Ra%3°. In this paper, we extend this scaling up
to Ra of 10'® in 2D and up to 10'3 in 3D. We also demonstrate
that a logarithmic layer is present in the viscous and thermal
boundary layers of 2D compressible convection. However, the
nature of the boundary layers in 3D compressible convection is
uncertain. Periodic convection (PC) is another class of thermal
convection, in which a fluid within a periodic box (one without
walls) is subjected to a vertical temperature gradient. Lohse
and Toschi (33), Verma et al. (28), and Winchester et al. (34)
simulated periodic convection and reported that Nu ~ Ra'!/2,
which aligns with the scaling of the ultimate regime.

This paper derives important insights by examining the Nusselt
number scaling in a combined study of periodic, compressible,
and Rayleigh-Bénard convection. While the bulk flows are
turbulent at large Ra in both no-slip and free-slip versions of
RBC and compressible convection, some of these systems exhibit
logarithmic layers, but others do not. Still, all of them show near
classical 1/3 scaling. In this paper, we compute the local heat flux
u,(r) T (r), where u,, T are the vertical velocity and temperature,
respectively. Surprisingly, the heat flux takes both positive and
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negative values with nearly equal probabilities, but the positive
flux has a longer tail in the distribution function. The positive
heat flux is natural, with hot plumes ascending and cold plumes
descending, but the negative flux arises due to the thermal plates.
For example, a downward deflection of the hot plumes by the
top plate yields negative flux. The difference between the positive

—0.20 " \which results in a

1/2—0.20

and negative heat fluxes scales as Ra
correction to the Nu ~ Ra!/? scaling, yielding Nu ~ Ra
or Nu ~ Ra%3°, Interestingly, the negative heat flux is absent
in periodic convection that leads to Nu ~ Ra!/2. Hence, the
influence of thermal plates on the bulk flow leads to Nu ~ Ra%3°
scaling, with the boundary layers appearing to play a marginal
role in this phenomenon.

The structure of the paper is as follows. We take numerical
data of RBC, compressible convection, and periodic convection
and analyze the local heat flux and its probability distribution; the
above quantities provide valuable insights into the Nu scaling.
We also examine the boundary layers of compressible convection.
A collective view of these systems reveals a likely absence of the
ultimate regime in turbulent convection.

Results

We present all our results in this section. We start with the system
and data description.

Systems and Datasets Employed. Here, we provide a brief
description of the datasets used in this paper. We generate datasets
for PC and CC using direct numerical simulations. However,
RBC simulation datasets have been borrowed from Bhattacharya
et al. (35) for 3D simulations and from Samuel and Verma (36)
and Samuel (37) for 2D simulations. The details of the equations
and numerical methods employed can be found in Materials and
Methods. For the three cases (PC, RBC, CC), the Prandtl number
is defined as Pr = v/k, whereas for RBC and PC, the Rayleigh
number is defined as Ra = a(AT)gd?/(vk), where v, k, a are,
respectively, the kinematic viscosity, thermal diffusivity, and the
thermal expansion coefficient of the fluid, g is the acceleration
due to gravity, and AT is the temperature difference between the
thermal plates that are separated by distance 4. The definition
of the Rayleigh number for compressible convection differs
slightly (38). The parameters specific to compressible convec-
tion are superadiabaticity (e), which is the excess temperature
gradient relative to the adiabatic profile, and dissipation number
(D), which is the nondimensional adiabatic temperature drop.
See Materials and Methods, Spiegel (38), Graham (39), and
Schumacher and Sreenivasan (4) for the definitions of these
parameters.

Periodic convection (28, 33) was simulated using a spectral
code Tarang-py (40) in a (27)? domain with grid points ranging
from 64% to 10242, and in a (27)? domain with grid points
ranging from 1283 to 256%. The range of Ra is 10% to 10% in

2D and 10% to 107 in 3D. The Prandtl number is 1 for all the
runs. In Table 1, we list the Reynolds number based on the box
size (Re = UL/v), the Nusselt number (Nu), the magnitudes of
the average positive and negative fluxes |(#,+)| (to be discussed
below), and the resolution parameter (R, = min;(#/Ax;)). In
the above formulas, U, L, and v are the rms velocity, box size,
and nondimensional kinematic viscosity (v/Pr/Ra), respectively;
1 is the Kolmogorov length; and Ax; is the grid spacing in the
i-th direction (41, 42). The Reynolds and Nusselt numbers for
these flows are sufficiently large.
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Table 1. Simulation parameters for periodic convection (P2D, P3D), RBC (R2D, R3D), and compressible convection
(C2D, C3D), with 2D and 3D representing space dimensions: Rayleigh number Ra, Prandtl number Pr, grid size, aspect
ratio I', Reynolds number Re, Nusselt number Nu, absolute values of mean positive and negative vertical heat fluxes
(I¢{Fz4 ) 1. | { Fz— ) |), the von Kdrman constants for the viscous and thermal boundary layers (xy, k1), and resolution
parameter Ry

Run System Ra Pr Grid size r Re Nu [(Fze)l  [{Fz=)] Ky KT Ry

1 P2D  10* 1 642 1 (9.64 +0.25) x 102 92+14 194 055 NA NA 1.08
2 P2D  10° 1 1282 1 (3.42+£0.02) x 103 229 +37 2.56 072 NA NA 1.23
3 P2D 106 1 2562 1 (1.05+0.03) x 104 801+ 143 2.49 080 NA NA 144
4 P2D 107 1 5122 1 (2.61+0.01) x 10* 2,103 £ 550 2.37 094 NA NA 1.58
5 P2D 108 1 1,0242 1 (127 £0.003) x 10°  9,4304+2,500 2.65 079 NA NA 1.71
6 P3D  10* 1 1283 1 (1.124£0.003) x 103 95+ 14 1.76 020 NA NA 1.11
7 P3D  10° 1 1283 1 (2.99 +0.02) x 103 231437 1.50 019 NA NA 130
8 P3D  10® 1 1803 1 (9.52 + 0.04) x 103 807 + 68 1.48 021 NA NA 1.04
9 P3D 107 1 2563 1 (2.98£0.002) x 10 2,223 4+ 231 1.38 020 NA NA 1.03
10 R2D  10° 1 1,024 x 512 2 (1.47 £0.028) x 10* 48+ 14 0.101  0.09 - - 121
1 R2D 100 1 2,048 x 1,024 2 (5.05 + 0.36) x 104 94+ 29 0.108  0.102 - - 124
12 R2D 10" 1 4,096 x 2,048 2 (1.97 £ 0.08) x 10° 190+ 12 0.114 0N - - 1.26
13 R2D 102 1 8192 x 4,096 2 (458 +£0.1) x10° 356+ 17 0.099 0.098 - - 114
14 R2D 10" 1 1,6384x8192 2 (1.16 £0.02) x 108 677 + 39 0.082  0.080 - - 1.08
15 R2D 10" 1 12,2882 1 (3.44+£0.007) x 106  1,280+130  0.068 0.066 - - 1.06
16 R2D 10> 1 16,3842 1 (1.08£0.001) x 107 2,8754+225  0.075 0.073 - - 1.07
17 R2D 106 1 32,7682 1 (3.42+£0.004) x 107  5680+380  0.085 0.082 - - 1.05
18 R3D 106 1 2573 1 (1.47 £0.08) x 102 82409 0.056  0.041 - - 492
19 R3D 107 1 2573 1 (4.91 £0.14) x 102 16.3+13 0.048  0.037 - - 231
20 R3D 108 1 5133 1 (1.53 + 0.049) x 103 314429 0.044  0.038 - - 219
21 R3D  10° 1 1,0253 1 (4.7 +£0.092) x 103 61.2+4.2 0.043 0.034 - - 206
22 D 10° 07 5132 1 (1.3£0.1) x 104 2242 0.026 0.019 0.93 3.7 0.82
23 2D 10'0 0.7 1,0252 1 (44+02) x 104 46 +3 0.027 0.023 0.87 36 0.66
24 b 10" 07 2,0492 1 (1.38 +£0.08) x 10° 103412 0.028 0.025 0.83 39 0.57
25 2D 102 07 4,0972 1 (47+0.2) x 10° 238 +23 0.036 0.033 0.78 51 0.57
26 2D 10" 0.7 8,1932 1 (1.46 £0.02) x 108 489 + 35 0.036 0.035 0.69 86 0.56
27 D 10" 07 12,0012 0.8 (4.04 +0.05) x 10° 909+ 112 0.034 0.032 068 9.9 0.51
28 2D 10" 07 16,3852 0.8 (1.24+£0.02) x 107 2,204+220 0.031 0.030 0.60 10 0.52
29 2D 10% 07 24,0012 0.8 (4.1+0.1) x 107 3893+510 0.028 0.027 0.47 11 0.51
30 ;3D 107 07 332 %129 0.25 (3.6 £0.5) x 102 541 0.0095 0.0051 - - 076
31 3D 108 07 652 x 257 0.25 (1.5+0.1) x 103 14+1 0.012 00072 - 88 0.76
32 c3D  10° 0.7 1292 x513 0.25 (43+0.3) x 103 28+2 0.0095 0.0063 - 10 0.72
33 D 1020 07 5133 1 (6.0£0.1) x 103 27.5+0.7 0.011 00075 - 7.1 072
34 C3D 10" 0.7 2572x1,025 025  (1.22+0.08) x 10* 5543 0.0073 0.0055 - 13 069
35 c3D 10" 07 5132x2049 0.25 (3.82+0.06) x 10* 112+4 0.0062 0.0046 - 16 0.66
36 C3D 10" 0.7 4512x3,601 0125 (7.86+0.22) x 10* 202 + 34 0.0051 0.0042 - 19 0.59
37 C3D 10" 0.7 5012x5001 0.125 (2.43+0.09)x 10° 412 +£56 0.0034 0.0025 - 24 055
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Compressible convection was simulated using the finite-
difference code Dhara (32) with grid points ranging from 5132
to 24,001% for 2D flows and with grid points ranging from
332 x 129 to 5122 x 5,001 for 3D flows. We chose Ra ranging
from 10° to 10'® in 2D and Ra ranging from 107 to 10'3 in
3D. The aspect ratio I' varies from 1 to 0.125 (Table 1). We
chose Pr = 0.7, superadiabaticity € = 0.1, dissipation number
D = 0.5, and the ratio of specific heat capacities y = 1.3. The
Reynolds number ranges from 360 to 4 x 107. Table 1 lists Ra,
Pr, Re, Nu, [{F3+)], Ry, and von Kdrmdn constants for viscous
and thermal boundary layers, k,, k7, respectively, which will be
discussed later.

RBC simulations were performed using the finite-difference
Boussinesq code SARAS (43). All runs have Pr = 1. The Rayleigh

PNAS 2025 Vol. 122 No. 44 e2513474122

number ranges from 10? to 10'® in 2D and from 10° to 10 in
3D. For 2D, the aspect ratioI" = 2 up to Ra = 1013, after which
I' is unity. However, I' = 1 for all 3D runs. The values of Re,
Nu, [{(F;+)|, and R, for these runs are listed in Table 1.

Our simulations are well resolved, both in the bulk and in the
boundary layers. In addition, our simulations have converged
to steady states (see Materials and Methods and SI Appendix
for details on numerical resolution and convergence). Next,
we describe the properties of the boundary layers in turbulent
convection.

Boundary Layers in Turbulent Convection. In a flow past a flat
plate, the appearance of a logarithmic layer in the boundary layer
signals transition to turbulence (44). Inspired by this observation,

https://doi.org/10.1073/pnas.2513474122
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researchers have examined the boundary layers in turbulent RBC
using experiments and simulations. For large Ra, Ahlers et al. (45)
and He et al. (20) reported a logarithmic layer in their convection
experiments with sulfur hexafluoride (SFg). Zhu et al. (21)
simulated 2D turbulent convection and reported a logarithmic
layer in the viscous boundary layer with the von Kdrmén constant
Ky, ~ 0.4. For the thermal boundary layer in 2D, Zhu et al. (21)
reported a log layer with k77 &~ 4.0 in the plume-ejecting regions,
but an absence of a log layer in the plume-impacting regions.
These authors relate the observed logarithmic layers to an increase
in the Nu scaling exponent from 0.30 to 0.38. In contrast, Iyer et
al. (27) argued that “the boundary layers remain marginally stable
and continue to act as the bottleneck for global heat transport,”
leading to classical 1/3 scaling.

We computed the boundary layer profiles for compressible
convection, which are shown in Fig. 1. Here, we plot the
normalized velocity (#1) and normalized temperature (T)asa
function of normalized vertical height (™) for the Bottom plate.
Refer to ST Appendix and books (44, 46, 47) for the definitions
of ut, TT,z1. We observe logarithmic layers in ut and TT
for 2D flows (Fig. 1 A and C), with the von Kdrman constant
Kk, ranging from 0.93 to 0.47 and k7 ranging from 3.7 to 11
(Table 1). However, 1 in 3D flows does not show a logarithmic
layer, but 77 does. Refer to SI Appendix for the parameters B,
and By and for the boundary layer properties of the top plate. The
logarithmic layer observed in 2D convection may be caused by
the horizontal sweeping flow, which is analogous to the behavior
of flow past a flat plate. This sweeping flow is typically absent
in 3D convection, which may explain the lack of a logarithmic
layerin 3D (48). Most importantly, as we show in later discussion,
Nu ~ Ra’%3, regardless of whether a logarithmic layer is present.

Another interesting observation is that the free-slip RBC
exhibits Nu ~ Ra%3° scaling despite the flow being turbulent
everywhere and lacking a viscous boundary layer (29). Note that
for large Ra, the bulk flow in RBC and compressible convection
are turbulent irrespective of the nature of the boundary layers.
These observations appear to weaken the connection between
the logarithmic layer and the ultimate regime. This led us to
explore heat fluxes in turbulent convection, which is the topic of
the next subsections.

Anisotropic Heat Flux and Nusselt Number Scaling. In this
subsection, we discuss the temperature and velocity fields and
their correlations for the PC, RBC, and CC. We take a snapshot
of PC at Ra of 107, a snapshot of RBC at Ra of 10%, and a
snapshot of CC at Ra of 10° under steady state, and display
their central vertical cross-sections in Fig. 2 A-C. This figure
contains the vector plots of the velocity field [u(r)] and the
density plots of the temperature field [7(r), T3, (r)]. See Eq. 23
for the definition of superadiabatic temperature, 7 (r). Note
that 75, (r) < 0 for CC (32). We compute the vertical heat flux
F,(r) for the three vertical cross-sections and exhibit them in
Fig. 2 D-F. Note that F;(r) = u,(r)7(r) for PC and RBC,
whereas F,(r) = p(r)u(r) Tea(r) for CC.

Before plunging into the heat flux of turbulent convection, we
discuss the flux F(r) = u(r)¢(r) for an isotropic scalar turbu-
lence. Here, the isotropic velocity field u(r) advects the isotropic
scalar field ¢(r). For an isotropic turbulence, the ensemble-
averaged flux (F(r)) = (u(r)¢(r)) = 0 because u(r) = a and
—a occur with equal probability for a given ¢(r) (49, 50). Fig. 34
shows that in an isotropic passive turbulence, the average vertical
flux, (F;) = (u,T), is zero because positive and negative u,
values occur with equal probability for a given 7.

In turbulent convection, buoyancy acts along the vertical
direction, which breaks the isotropy. In PC, a hot thermal plume
(I' > 0) has u, > 0, whereas a cold plume (7" < 0) has
u; < 0, leading to predominantly positive F, (Figs. 2 A and
D and 3B). Note that the horizontal heat flux in convection
vanishes due to the symmetry along the horizontal. RBC and
CC have very different behaviors from PC. As shown in Fig. 2
B, C, E, and F, in RBC and CC, a hot packet has both
positive and negative #,, leading to positive and negative heat
fluxes (Fo+, F,—). However, F,4+ wins over F,_ that yields
a net positive heat flux. We illustrate these features in Fig. 3
C and D. Two-dimensional PC, RBC, and CC have very
similar behavior, except that 2D flow structures are larger in
size than the 3D counterparts, which is attributed to the inverse
energy cascade in 2D convection (36) (SI Appendix). We remark
that the above features are generic and are observed all the
time.

We relate the average vertical heat flux ((£;)) to the Nusselt
number (Nu). The total Nu gets contributions from the positive

1
104

Fig. 1. For compressible convection near the Bottom plate, plots of ut vs. zt (Top row: A and B) and T+ vs. z+ (Bottom row: C and D). The Left column is for
2D with Ra = 10"" (red), 102 (green), 103 (blue), 10'4 (pink), 10! (golden), and 10'¢ (gray). With increasing Ra, the von Karman constant xy varies from 0.83
to 0.47, whereas «7 varies from 4 to 11. The Right column is for 3D convection with Ra = 1010 (red), 10'" (green), 1012 (blue), and 103 (pink). Figure (B) does
not exhibit a clear signature of a logarithmic layer. (D) For the thermal boundary layer in 3D, «7 varies from 13 to 24.
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Fig. 2. Plots of the velocity and temperature fields (A-C), and vertical heat flux Fz (r) (D-F) in the mid vertical cross-section for (A and D) 3D periodic convection
(PC) with Ra = 107; (B and E) 3D RBC with Ra = 10%; (C and F) 3D compressible convection (CC) with Ra = 109. PC exhibits predominantly positive F;, whereas

RBC and CC exhibit both positive and negative F;.

and negative heat fluxes, (F,+). In terms of nondimensional #,

and 7 (or T3, for CC) (31, 32),

Nu = 1 + VRaPr[{F4) + (F,—)]
=1+ VRaPr[{((#,T)+) + {((#,7)-)] in RBC & PC,
(1]
Nu = 1 4+ VRaPr[{(Fot) + (Fo—)]
— 1+ VRaPH((pa Tia) 4) + ((pusToa) )] in CC. (2]

In Eq. 2, we ignore the contributions from the kinetic energy
flux, which is negligible (32). Eq. 1 yields satisfactory Nu for PC,
but Egs. 1 and 2 exhibit significant fluctuations for RBC and

CC, for which we compute Nu using the temperature gradient
in the boundary layer as follows (5, 21, 32):

A Tsotropic scalar
turbulence

Dl

z dT
Constant —
dz

B Periodic convection

0—

(F)=0 [(Fe) | > [(F) |

Nu= 1+ [—dm/’” AT } in RBC,  [3]
2 dz  |,— dz  |,—
1 d<Tsa>At d<Tsa>At .
Nu=—-= : : CC. [4
" 2 [ dz  |,— + dz  |,—; o 4]

Note that Nu computed at the boundaries using Eqs. 3 and
4 matches with those computed using Eqs. 1 and 2, provided
significant averaging is performed for the latter.

We compute Nu for PC, RBC, and CC using Egs. 1, 3, and
4, respectively. We average over 700 to 10,000 dataframes for
these computations. To test Nu scaling, we fit the data with
Nu = 4Ra® using Python’s polyfit function. The prefactor 2 and
the exponent 4 for all the runs are listed in Table 2. Fig. 44
exhibits the normalized Nu, NuRa~?, for periodic convection
(P2D and P3D: thin and thick red lines), RBC (R2D and R3D:
thin and thick green lines), and compressible convection (C2D

CRBC D Compressible convection

BL t

4 ”zT lp u,

BL Tb BL Tb

Adiabatic gradient

()1 & I(F) ] KF DRI |

Fig. 3. Schematic diagrams illustrating heat fluxes: (A) In isotropic scalar turbulence, a thermal packet is equally likely to move up and down, which leads to
(Fz) = 0; (B) In periodic convection, a hot plume predominantly rises, which leads to |(F;4.)| > |(Fz—)I; (C and D) In RBC and compressible convection, some hot
fluids have positive uz, while others have negative u;. This leads to [(F;+)| R [(Fz—)I.
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Table 2.

Scaling of the Nusselt number, Nu, and absolute values of the averaged and normalized positive and

negative heat fluxes (|( F; ), [{ F,— )|) for periodic convection (P2D, P3D), RBC (R2D, R3D), and compressible
convection (C2D, C3D)

[{Fz4)]

[{Fz-)]

(1.79 4 0.35)Ra(0-022£0.019)

(242 + 0-25)Ra(70,030i0008)

(0.18 4 0.046)Ra(~0-02>+0.009)
(0.092 £ 0.014)Ra(~0-038£0.009)

(0.43 £ 0.10)Ra (0440017

(0.28 £ 0.023)Ra(0-003+0.006)

(0.16 + 0.043)Ra(~0:021+0.009)
(0.045 £ 0.007)Ra(~0-009+0.009)

System NU
P2D (0.87 £ O.3O)Ra(0450i0,025)

P3D (1.23+ O,32)Ra(0~47:t0,02)

R2D (0.11 £ 0.011)Ra(0-22+0.003)
R3D (0.16 + 0.063)Ra(0-28+0.022)
c2D (0.028 £ 0.004)Ra(0-32+0.005)
c3D (0.047 £ 0.009)Ra(0-31+0.008)

(0.019 & 0.005)Ra(0-018+0.009)
(0.079 £ 0.007)Ra(~0-10+0.004)

(0.011 & 0.004)Ra(0-033+0011)
(0.027 % 0.005)Ra(~0:070+0.008)

See Egs. 1and 2.

and C3D: thin and thick blue lines). Clearly, Nu ~ Ral/2 for
the PC, but Nu ~ Ra%3 for RBC and CC. The figure also
illustrates that for a given Ra, Nu(PC) > Nu(RBC) > Nu(CC).
In addition, for most cases, Nu for 3D is larger than that for
2D, possibly because of two pathways (xz and yz) for 3D flows
compared to a single pathway (xz) for 2D flows. Also, Nu in 2D
convection shows stronger fluctuations (or error bars) than in 3D
convection, which is due to the inverse energy cascade in 2D (36).
An important observation, Eqs. 1 and 2 and the Nu scaling reveal
that (F;) ~ NuRa~/2 ~ Ra®~1/2, Hence, the normalized flux
decreases as {F,) ~ Ra=%?2 for RBC and CC, but it remains
constant for PC. The Insets of Fig. 4B illustrate (F;) for P2D,
P3D, R3D, and C3D; we exclude R2D and C2D because they
exhibit strong fluctuations. We will explore the reasons for such
behavioral differences in PC, RBC, and CC by examining the
heat fluxes (F,+).

We compute (F,+) using the numerical data and observe that

(F,+) ~ axRa’*.In Fig. 4B, the red, green, and blue squares and
circles represent positive heat fluxes in 2D and 3D, respectively,
whereas pentagons and triangles represent the respective negative
heat fluxes. Regarding the best-fit curves, the thin and thick solid
lines represent positive fluxes for 2D and 3D, respectively. The
dashed lines represent the respective negative fluxes. The plots in
the figure reveal the following insights:

1. For PC, (F,4) is several times larger than (F,_), consistent
with Figs. 2D and 3B. In addition, (F,4) for 2D increases
marginally with Ra, but (F,1) for 3D decreases marginally
with Ra.

T T
+ . P3D (b=0.47)
S A
EE ] P2D (b=0.50)
5
< R3D (b=0.28
~ 4 ( )
2 01 i R I o
z Vg T =
3D (b=0.31) R2D (b=0.29)
$ T w = T
¥ X
F 0 m Kii}
02D (b=0.32) -~ T ° ¥ AT
001 1 1 1 1 1 :
104 107 10% 1013 1016

Ra

2. In 3D RBC and CC, both (F,t) and (F,—) decrease with
Ra, but the former decreases more rapidly than the latter.
This feature leads to (F,) ~ (F,1) + (F,—) ~ Ra=%20 or
Nu ~ Ra!/27020 ~ Ra%30, consistent with experimental
and numerical observations.

3. In 2D RBC, both (£, ) and (F,_) decrease marginally with
Ra, with (F,) decreasing slightly faster than (#,_). In CC,
both (F,4) and (F,_) increase marginally with Ra, but (F,_)
increases slightly faster than (F,). However, the difference
(F,1) + (Fo—) ~ Ra=%20 or Nu ~ Ral/270-20 ~ Ry0-30,

Thus, a complex interplay of (F,1) and (F,_) yields Nu ~
Ra’%3 scaling. This result is independent of the presence or
absence of a logarithmic layer in the boundaries. We will continue
this discussion in the next subsection.

PDF of Turbulent Convection. Further, we compute the proba-
bility distribution function (PDF) of the heat flux, P(F;), by
averaging over 8 to 20 datasets. In Fig. 5, we plot P(F;) for
selected Ra’s among PC, CC, and RBC. Note that Fig. 5 4, B,
D, and F are plotted on a semilogy scale, whereas Fig. 5 C and
E are plotted on log—log scale. We chose the latter scale because
P(F;) for 2D RBC and CC drops sharply with F,. As we describe
below, the P(F;) plots reveal interesting patterns and bolster the
arguments for classical Nu scaling.

Periodic convection. For PC, P(F,), primarily dominated by
positive F, is nearly Gaussian near the peak of the PDF, but
it exhibits significant rightward skewness, particularly in 3D.
As Ra increases, the tails of P(F,) become more extended for

=
H01E
)

0.01 | i

Ry 5

Il Il Il Il Il
104 107 1010 101 1010

Ra

Fig. 4. (A) Plots of normalized Nusselt number NuRa~—? vs. Ra for 2D (squares, thin lines) and 3D (circles, thick lines) simulations. Red for periodic convection
(P2D, P3D), green for RBC (R2D, R3D), and blue for compressible convection (C2D, C3D). Here, the symbols squares and circles represent the numerical data,
while the straight lines represent the best-fit curves. (B) Plots of convective heat fluxes |(Fz+)| vs. Ra with the same color convention as (A). In (B), the squares and
circles denote positive fluxes in 2D and 3D, respectively; the pentagons and triangles represent the respective negative fluxes; solid and dashed lines represent
best-fit curves for F, and F;—, respectively. The thin and thick lines distinguish between 2D and 3D curves, respectively. The /nset in (B) illustrates (fz) scaling
for P2D, P3D, R3D, and C3D; we skip R2D and C2D data because they exhibit strong fluctuations.
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2D, but less extended for 3D. These observations are consistent
with |(£,)| increasing marginally with Ra in 2D, but decreasing
marginally with Ra in 3D.

RBC and compressible convection. The PDFs for 3D RBC and
CC, shown in Fig. 5 D and F, exhibit longer tails for , than
for F,—, which leads to (F,4+) > (F,—) or positive Nu. As Ra
increases, the tails of the PDFs shrink and the difference AP =
P(F,) — P(—F,) decreases. These features lead to the decrease of
(F,) as Ra™%29 a5 shown in Fig. 4B.

As shown in Fig. 5, the PDFs of 2D RBC and CC are
more symmetric than their 3D counterparts, leading to AP =
P(F,) — P(—F;) either being small or fluctuating around zero
in 2D convection (see [nsets of Fig. 5 C and E). In addition,
the 2D PDFs exhibit stronger fluctuations and longer tails
than 3D PDFs, primarily due to the inverse energy cascade in
2D flows (36) and due to differences in vortex dynamics in
2D and 3D (41). Consequently, (F;) and the bulk-averaged
Nu (Ral/?(F,)) exhibit strong fluctuations, consistent with
earlier observations by Samuel and Verma (36), Pandey and
Sreenivasan (51), and Lindborg (52). Note, however, that the
Nu scaling for 2D and 3D RBC and CC are very similar, even
though 2D and 3D convection have different properties.

Thus, the asymmetric heat fluxes, their PDFs, and Nusselt
number scaling provide a consistent picture leading to the classical
Nu scaling.

10~ A P2D
& — 104
[y —10°
1072 b 6 Ra
—108
|
—4 0 4

Discussions

In thermal convection, we expect a hot plume to ascend and a
cold plume to descend, which would yield a positive heat flux.
However, our study reveals that the above dynamics occur only

in PC (Fig. 3B). With F,+ > F,_, Eq. 1 yields

Nu ~ v/RaPr{F,1) ~ vRaPr{(u,T)+)
~ A/RaPruy yms Tims ~ ~/ RaPr. [5]

PC exhibits the above Nu scaling because #, and 7 are strongly
correlated in such flows, with the nondimensional #, s & 1
and T ~ 1.

In contrast, RBC and CC exhibit both positive and negative
heat fluxes. The negative flux arises due to the thermal plates,
e.g., the top plate deflects the hot plumes downward, leading to
negative flux (Fig. 3 C and D). We find that P(£;) is symmetrical
around F, = 0 for small ||, but positive F, has a longer tail
than negative F,. Hence, |(F,+)| & |{Fz—)|. As shown in Fig. 4,
the net (F,) ~ Ra~%2%, which leads to (for Pr ~ 1)

Nu ~ v/RaPr[(F,+) + (F,—)] ~ v/RaPrRa=%%® ~ Ra’.
[6]
The above scaling for the flux correlation has been reported
earlier (6, 28), and they are independent of the nature of boundary

1 B P3D
107
—104 R:
F—105 o
— 10
— 10 J
1073 |
—8 0 8

[ F C3D

—108
ol

—10!2

1013

—0.02 0.02

Fig. 5. Probability distribution function (P(F;)) of the normalized heat flux F;: (A and B) 2D and 3D periodic convection (P2D, P3D); (C and D) 2D and 3D RBC
(R2D, R3D); and (E and F) 2D and 3D compressible convection (C2D, C3D). Subplots (C and E) are in log-log scale, while others are in semilogy scale. The Insets

show the AP = P(F;) — P(—F;) vs. F; plots in semilogy scale.
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layers. Thus, in turbulent convection with thermal plates, (#,7")
is neither zero (as in isotropic scalar turbulence) nor (#;)ms Tms
(as in periodic convection), which is a result of coexistence of
Foy and Fy—.

Many researchers (17, 20, 45) attempted to relate the possible
ultimate-regime scaling in turbulent RBC to the flow past a flat
plate, where the boundary layer turns turbulent near Reynolds
number Re, = 5 x 10°. Using Re &~ 0.1+/Ra (27), the transition
to turbulence in RBC is estimated to occur near Ra ~ 104,
Beyond this Ra, the boundary layers and the bulk fluid are
expected to exhibit turbulent behavior. However, there are critical
differences between RBC and flow past a flat plate. The boundary
layer of a flat plate undergoes a transition from laminar to
turbulent flow as one progresses downstream; however, such a
distinct evolution is not evident in thermal convection. Also, for
a flat plate, the bulk flow above the turbulent boundary layer
is typically streamlined. In contrast, for Ra Z 107, the bulk
flow in convection is turbulent regardless of the boundary layer’s
nature. Given this, the analogy between flow past a flat plate and
turbulent convection is tenuous. Interestingly, the classical 1/3
scaling appears for a range of Ra (from 107 to 10'%) in RBC
with no-slip and free-slip boundary conditions, with the latter
flow being turbulent everywhere without any viscous boundary
layer. Thus, the Nu scaling is marginally connected with the
nature of the velocity boundary layer. Instead, the wall-induced
uz T correlation, along with the positive and negative heat fluxes,
appear to play a critical role in classical 1/3 scaling for turbulent
convection.

There are several examples that need attention in view of
heat flux asymmetry. Bouillaut et al. (53) and Lepot et al.
(54) observed ultimate-regime scaling for convection driven
by internal heat sources, internal heat sinks, and radiative
heating. Turbulent convection with rough walls too exhibits
ultimate-regime scaling (55). Additionally, convection driven by
a horizontal pressure gradient exhibits an enhanced Nu exponent
(up to 0.45) for large horizontal shear (56, 57). We conjecture
that, in the above examples, the internal heat sources and sinks,
horizontal shear, and rough walls increase the positive heat fluxes
over the negative ones, leading to an enhancement of the Nu
scaling exponent. We plan to test the above conjecture.

Conclusions

Despite extensive research, modeling heat transport in turbulent
convection continues to be a significant hurdle. The two
competing theories are classical Nu scaling (1/3) and ultimate-
regime scaling (1/2). Some researchers argue that the Nu scaling
exponent grows from 1/3 to higher values near Ra &~ 10'4,
where the boundary layer becomes turbulent and a logarithmic
layer emerges. However, other researchers dispute these claims.
As discussed in the previous section, the relation between the
turbulent boundary layer and the emergence of the ultimate
regime appears to be weak. In this paper, we take a different path
and address this issue using turbulent heat flux (£,).

We analyzed the positive and negative heat fluxes in 28
numerical datasets of RBC and CC whose Rayleigh numbers
range from 10° to 10'°. Our analysis shows that RBC and
CC exhibit both positive and negative heat fluxes, with a nearly
symmetric PDF of heat flux, P(F;). A small asymmetry in P(F;)
results in a net heat flux scaling of (F,) ~ Ra=929 which leads to
Nu ~ Ra!/270-20 ~ Ra%3% This phenomenon is quite robust,
especially considering that the boundary layer in compressible

https://doi.org/10.1073/pnas.2513474122

convection simulations exhibits a logarithmic layer, while those
in RBC simulations are uncertain. This robust classical scaling
aligns with the models presented by Malkus (8) and Priestley (7).
We expect the above heat flux behavior to persist for extreme Ra’s
(e.g., 10%° and beyond), but testing this conjecture will require
enormous computing resources.

In contrast, periodic convection has an asymmetric heat
flux with a dominant positive component. Periodic convection
exhibits Nu ~ Ra!/2, similar to that in the ultimate regime.
We associate the difference between the 1/2 and 1/3 Nu scaling
to the thermal plates. For example, the upper plate deflects the
hot plumes downward, which yields negative heat flux. Absence
of such wall effects in periodic convection yields dominantly
positive heat flux. Thus, our paper clearly contrasts isotropic
scalar turbulence, periodic convection, RBC, and compressible
convection (Fig. 3).

In summary, this paper offers important insights into a long-
standing problem of turbulent convection, indicating a likely
absence of the ultimate regime. We demonstrate that the classical
Nu scaling possibly occurs due to the positive and negative heat
fluxes induced by thermal plates. Note, however, that convection
with rough walls or internal heat sources and sinks yields ultimate-
regime scaling. It would be interesting to explore how these
factors affect heat fluxes. In addition, analyzing asymmetric
momentum fluxes around airplane wings, in pipes, and in
nozzles may provide valuable insights into the drag reduction
and relaminarization observed in such systems (44, 58).

Materials and Methods

In this section, we briefly describe the numerical methods used to simulate
periodic convection, RBC, and compressible convection.

Periodic Convection. We simulate 2D periodic convection ina (27)? periodic

boxand 3D convectionina (27)* periodicboxforthe parameterslistedinTable 1.
We solve the following nondimensionalized equations numerically (28, 33):

d . P
a—l:—i—u-Vu = —Vp+T’z+,/R—;V2u, [71
ar’ 9
—4u-VI' = u+ v, [8]
ot : Ra Pr

V.u = 0 [9]

wheretemperature T = T+ T/ with T = 1 —z/(2x) as the linear background
profile and T” as perturbation. The Rayleigh number and Prandtl number are
defined as -

Ro— ATa9d oV [10]

dz vk K

where a is the thermal expansion coefficient, v is the kinematic viscosity, « is
the thermal diffusivity, g is the gravitational acceleration, d is the height of the
box, and dT/dz is the mean temperature gradient. The velocity field u and the
temperature fluctuations T’ satisfy periodic boundary conditions.

The above equations are solved numerically using the pseudospectral
GPU-enabled code Tarang-py (40). We employ the fourth-order Runge-Kutta
(RK4) time-stepping scheme, as well as hypodiffusive term 10~2v—" and
hyperdiffusive term 10~88 to both u and T in order to stabilize the elevator
modes (34, 59). All our simulations are well resolved, with R,, > 1 in each
case. Refer to Table 1 for the simulation parameters, Re, Pr, Nu, R, etc.

Rayleigh-Bénard Convection. The 2D RBC datasets have been taken from
Samuel and Verma (36) and Samuel (37), whereas the 3D datasets have been
taken from Bhattacharya et al. (35). The above authors solved the following
nondimensionalized equations:
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au ~ Pr 2
— +u-Vu —Vp+Tz+ R—aV u, [11]

ot

aT 1 2

ot ~/RaPr 2l
V.u = 0, [13]

where u, p, and T are the velocity, pressure, and temperature fields, respectively.
Here, a fluid is confined between two horizontal plates separated by a unit
distance. The horizontal extent of the fluid is T, the aspect ratio. The bottom and
top plates are maintained at temperatures 1 and 0, respectively. The Rayleigh
number and Prandtl number for RBC are defined as

3
Ra = MI Pr = 11 [14]

VK K

where AT is the imposed temperature difference across the plates. Ra, Pr, T,
Re, Nu, Ry, etc. are listed in Table 1.

Samuel and Verma (36), Samuel (37), and Bhattacharya et al. (35) employed
the finite-difference code SARAS (43). The solver uses a multigrid method for
the pressure-Poisson equation and a second-order Crank-Nicolson scheme for
time stepping. For the top and bottom boundaries, both 2D and 3D runs
employ no-slip boundary conditions for the velocity field and conducting
boundary conditions for the temperature field. However, for the side walls,
the 2D simulations employ periodic boundaries, while the 3D simulations
employ no-slip and adiabatic boundary conditions. For all the runs, the grid
spacing is smaller than the Kolmogorov length scale 7 = (v3/ey) /4, where
€y = (v/2)((8,uj+3ju,)2)i5the kineticenergy dissipation rate. This condition
ensuresthatthe resolution parameter R ; > 1,aslistedinTable 1. The boundary
layers are well resolved with at least 5 grid points, satisfying the Grotzbach
criterion (60).

Compressible Convection. We simulate compressible convection in a box of
dimension" x Tin2DandI" x T" x 1in 3D. The bottom plate is maintained
at unittemperature, whereas the top plate at 1 — D — €, where e and D are the
superadiabaticity and the dissipation number, defined below

_d AT g _ gd

The Rayleigh number and Prandtl number are defined as (38, 39)

3
L L [16]

VK K

The horizontal plates are maintained at a constant temperature (conducting
boundary condition). In addition, we set u = 0 on the horizontal plates. Periodic
boundary condition is applied for the vertical walls. We solve the following
nondimensional equations in conservative form (38, 39):

ap d

P T (pu) =0,
ot + ax; (puj) (171
a ad 1
57 (Pui) + Eij(ﬂuiuj +8jp = 7j) = —— iz [18]
af 9 1 aT
A —77—11-74-):0, [19]
at — ox; < iE+P) eDVRaProx 1Y

where u and T are the nondimensional velocity and temperature fields,
respectively; and p is the nondimensional density field. The nondimensional
pressure for an ideal gas is

pl
=(@-1)— 2
p=(r )yeD [20]
PNAS 2025 Vol. 122 No. 44 e2513474122

wherey = Cp/Cyistheratio of specific heat capacities. The viscous stress tensor

is given by
| Pr 2
T,'j = R—a <3jU,‘ + 3,’Uj - gamumé,j) , [21]

and the total energy density is

2

u T V4
F=pl=—+—+=].

p<2 +y€D+€) [22]

Note that the background adiabatic profile is T4(z) = 1 — Dz, and the
superadiabatic temperature is defined as

Tsa(r) = M« [23]
which measures the deviation of temperature from the adiabatic state,
normalized by the superadiabaticity. Refer to Spiegel (38) and Graham (39)
for details on compressible equations.

We solve Eqs. 17-19 using the finite-difference solver Dhara (32), which
employs the MacCormack-TVD (Total Variation Diminishing) scheme on a
collocated grid (61, 62). The MacCormack scheme is second-order accurate
in both space and time (61). A nonuniform tangent-hyperbolic grid is employed
inthe z-direction to enhance resolution nearthe boundaries, while uniform grids
are used in the x and y directions. At the top and bottom plates, second-order
forward and backward finite differences are used to evaluate boundary values,
respectively. The general conservative form of the governing equations is written
as

a0  9F

o+ o Si [24]
where Qis a generic conserved variable; F; is the flux; and S; is the source term
in the i-direction. Using operator splitting, Eq. 24 is decomposed into three
one-dimensional subproblems, each solved using the MacCormack predictor-
corrector approach. The TVD correction is added to suppress spurious oscillations
and preserve monotonicity in steep-gradient regions (62). For further details,
see ref. 32.

All our simulations are well resolved, with the resolution parameter R, =
min;(n(z)/Ax;) > 0.5 (30, 63) (Table 1). The Kolmogorov length scale is
given by n(2) = (V3 (p)/(Sijr,-j))1/4, where S = (9;u; + 9u;)/2 is the
strain-rate tensor. For all our runs, the boundary layers are resolved with at
least 7 grid points, thus satisfying the Grotzbach criterion (60). For our numerical
simulations, wefixy = 1.3,0 = 0.5,e = 0.1,Pr = 0.7,andvaryRafrom 107
t0 10" for 2D, and from 107 to 1013 for 3D. See Table 1 for details. We perform
our parallel runs on several GPUs that enable high-resolution simulations in a
reasonable time. For instance, our largest 3D simulation on 5012 x 5,001 grid
ran for 10 d on the Kotak school's server (with 8 NVIDIA H100 GPUs), while the
largest 2D run on 24,0012 grid ran for 20 d on two nodes of Sophia (with 8
NVIDIA A100 GPUs each) at Argonne National Laboratory.

Data, Materials, and Software Availability. Data and scripts are available at
Zenodo (64).
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Supporting Information Text

This section contains additional discussions on boundary layers, heat fluxes in two dimensions, and convergence tests, along
with five figures and two tables. The table and figure captions are self-contained and provide the necessary context. This
material acts only as a supplement to the main text.

Boundary layers in Turbulent Compressible Convection

In turbulent systems, boundary layers develop adjacent to the solid plates. The boundary layer profiles are often expressed in

wall units: the friction velocity scale ur = /7w /p, wall temperature scale Tr = —k 0-(T)a¢|,_, /ur, and length scale v/u.,

where T, = p 0:(u) at|,_, is the wall shear stress, (u)q,: = (Vu2)s, in 2D, (uya,e = (\/u2 +u2)a, in 3D, and v and  are

the viscous and thermal diffusivities, respectively. In the above expressions, (.)z,+ and (.)4 : denote the horizontal-time and

planar-time averages (1-3). Using these variables, the nondimensionalized velocity, temperature, and vertical height z are

ut = (u)a/ur, T+ = (Ty — (T')a,t)/T~, and 2t = u-z/v, respectively, where T} is the temperature at the bottom plate.
According to the boundary layer theory (2, 3), there are two distinct regions:

Viscous sublayer region (2t < 5):  ut =27, T =21, 1]
1 1

Log-law region (27 > 50): u" = — Inzt+B,, TM= — Inzt + Br. [2]
U T

In these formulas, ., and k7 are the von Kdrmdan constants for the viscous and thermal boundary layers, respectively; and B,,
and Br are constants that depend on the flow configuration and boundary conditions. For pipe and channel flows, empirical
and numerical studies reveal that s, varies from 0.39 to 0.41, and B, = 5.0 for the viscous boundary layers (2, 4, 5). However,
for the thermal boundary layers, k7 and Br often vary with the Prandtl and Reynolds number. Yaglom and Kader (6-8)
argued that for Prandtl number near unity, k7 ranges from 0.46 to 0.6 depending on the Reynolds number.

In the main text, we focused on the mean velocity and temperature profiles for compressible convection near the bottom
boundary. In this Supplementary Material, we present the corresponding profiles near the top wall. The properties of the
boundary layer near the top and bottom are similar, with minor differences, which are highlighted here. Figure S1(a,b) shows
the mean velocity profiles " (z™) near the top boundary for both 2D and 3D simulations. For 2D compressible convection, the
top plate exhibits a logarithmic layer, with ., decreasing from 0.96 at Ra = 10° to 0.32 at Ra = 10'® (see Table S1). The
above logarithmic layer is attributed to the shear flow present in the 2D flow. Note that k, for the top boundary is lower than
that for the bottom boundary, indicating a stronger gradient and turbulence near the top boundary than the bottom boundary.
In addition, the 3D velocity profile near the top boundary does not exhibit a clear logarithmic region, possibly due to the
absence of a shear layer in 3D (9).

In Fig. S1(c,d), we plot the temperature profiles 7" (z1) near the top boundary. These plots exhibit a logarithmic layer in
both 2D and 3D, similar to the bottom wall. The values of k7 range from 4 to 12 for 2D and from 3.2 to 7.9 for 3D. Compared
to the bottom boundary, on the whole, k1 for the top boundary is larger for the 2D flows and smaller for the 3D flows. Also
note that all four plots clearly show a viscous sublayer, with best-fit functions represented by black curves for 27 < 2. Lastly,
Taylor-Couette flow and RBC have certain similarities, including in the boundary layers. However, these discussions are beyond
the scope of this paper (10, 11).

Anisotropic Heat Fluxes in 2D Convection

We consider a snapshot of 2D periodic convection (PC) at Ra of 10%, a snapshot of 2D RBC at Ra of 10*, and a snapshot of
2D compressible convection (CC) at Ra of 10'® during the steady state, and display them in Fig. S2(a,b,c). The figure displays
the vector plots of the velocity field u(r) and the density plots of the temperature field [T'(r), Tsa(r)], whereas Fig. S2(d,e,f)
exhibits the vertical heat flux F.(r). As in 3D convection, periodic convection is dominated by positive F., but RBC and
compressible convection have both positive and negative F,’s. However, compared to 3D convection, 2D convection exhibits
stronger patches of positive and negative heat fluxes due to the inverse energy cascade in 2D (12, 13). These features are
consistent with the wider tails in PDF’s for F, [P(F.)] in 2D than in 3D (see Fig. 5 of the main text).

Numerical Resolution and Convergence Tests

To ensure that our simulations at high Reynolds numbers are well-resolved, we performed detailed resolution and convergence
tests. To accelerate convergence to a statistically steady state, for each case, we first conduct a simulation at a lower Ra, and
then interpolate its final state onto a finer grid to initialize the subsequent higher-Ra run, repeating this procedure iteratively.
For each run, we monitor the resolution parameter R, = min;(n/Az;) and the number of grid points in the top and bottom
boundary layers (N, NPY). Here, n is the Kolmogorov length; and Az; is the grid spacing in the i-th direction. We list these
quantities in Table S2 (also see Table 1 of the main text). All our runs satisfy the resolution criteria, with R, > 1 for periodic
convection and RBC, and R,, > 0.5 for compressible convection (14, 15). Furthermore, the boundary layers are resolved with at
least 7 grid points, thereby satisfying the Grotzbach criterion (16). The grid resolutions used in our simulations are comparable
to those employed in previous high Reynolds number numerical studies (17, 18). For completeness and reproducibility, we also
report in Table S2 a set of additional parameters: root-mean-square velocity U, normalized Nusselt number NuRa ™%, average
time step (At), and the total simulation time ¢;un in free-fall units.
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To test whether our simulations have reached a steady state, we plot the time series of root-mean-square velocity U and
normalized Nusselt number NuRa ™ for the periodic and compressible convection for 10 free-fall times, where b is the exponent
for Nu. For 3D and 2D periodic convection, after an initial transient, U (Fig. S3(a,c)) and NuRa™® (Fig. S3(b,d)) are nearly
constant, thus indicating convergence to statistical steady state. In periodic convection, the errors in U are below 17% while
the errors in NuRa ™" are below 11%. The time series of 3D and 2D compressible convection exhibits similar behaviour (Fig. S4)
with errors below 13% in U and below 20% in NuRa~". The total time of simulation tyu, in 3D compressible runs is comparable
to the past numerical study of 3D RBC by Iyer et al. (17). In compressible convection, we further verify grid independence at
Ra = 10'® by comparing results on 501% x 5001 and 6012 x 6001 grids (Fig. S5); both U and Nu converge to the nearly same
value, independent of the grid resolution.

Regarding RBC, we refer the reader to Bhattacharya et al. (19) for details on the numerical resolution and convergence of
the 3D RBC datasets, and to Samuel and Verma (20) and Samuel (21) for the corresponding 2D RBC datasets. It is well
established in the literature that 3D RBC reaches statistical convergence more readily, with the root-mean-square velocity U
converging in several free-fall times (17, 22). In contrast, for 2D RBC, Pandey et al. (13) and Lindborg (22) showed that the
velocity field evolves more slowly than the thermal field, with the former converging exponentially slowly with time. Samuel
and Verma (20) and Samuel (21) moved to higher resolution progressively, which leads to relatively faster convergence. Note,
however, that the Nusselt number, which is the focus of this paper, exhibits relatively weaker fluctuations.
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Table S1. For compressible convection C2D, C3D: Table exhibiting the von Karman constants «.,, <1 for the viscous and thermal boundary
layers near the top plate. It also lists the additive constants (B,,, Br) near the top and bottom plates. Also see Table 1 of the manuscript.

System Ra r Ku,top  KT,top  Bu,top BT top  Bu,bottom BT bottom
caD 10° 1 0.96 4.1 6.2 0.25 2.7 —0.34
c2Db 1010 1 0.61 8.6 23 0.22 3.1 —0.63
caD 101t 1 0.48 8.5 14 0.31 2.7 —0.15
c2Db 1012 1 0.43 8 23 0.50 6.1 0.18
caDb 1013 1 0.36 7.4 26 0.96 8.1 0.49
c2Db 1014 0.8 0.32 12 33 0.80 11 0.62
caDb 1015 0.8 0.34 12 40 1.1 16 0.93
C2D 1016 0.8 0.32 8 73 2.7 28 1.4
C3D 108 0.25 3.2 0.20 — —0.07
C3D 10° 0.25 - 3.6 - 0.22 — —0.04
C3D 109 1 3.4 0.25 — —0.11
C3D 1010 0.25 - 4.6 - 0.37 - 0.04
C3D 101t 0.25 — 5.7 - 0.41 — 0.07
C3D 1012 0.125 — 5.1 - 0.53 - 0.09
C3D 1013 0.125 — 7.9 - 0.60 — 0.15
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Table S2. Additional parameters for periodic convection (P2D, P3D) and compressible convection (C2D, C3D): root-mean-square velocity U,
normalized Nusselt number NuRa~? (b = exponent for Nu), average time step (At), total time of the simulation ¢, in free-fall time units, and
the number of grid points in the top and bottom boundary layers (NFT, NEL).

Run  System Ra  Pr Grid Size r U NuRa~? (At) tran  NP® NPT
1 P2D 104 1 642 1 1.5+0.2 1.14+0.1 1.0 x 1072 100 NA NA
2 P2D 10° 1 1282 1 1.74+0.1 1.14+0.1 1.0 x 10-2 100 NA NA
3 P2D 106 1 2562 1 1.7+0.3 1.04+0.1 1.0x 1072 100 NA NA
4 P2D 107 1 5122 1 1.6 £0.2 0.94+0.1 1.0x 1072 100 NA NA
5 P2D 108 1 10242 1 2.04+0.1 1.0+0.1 5.0x 1073 100 NA NA
6 P3D 104 1 1282 1 1.8+£0.2 1.43 £0.07 1.0 x 10-2 100 NA NA
7 P3D 10° 1 1283 1 1.54+0.1 1.24 £ 0.04 1.0x 1072 100 NA NA
8 P3D 106 1 1802 1 1.54+0.1 1.36 £ 0.06 1.0x 1072 100 NA NA
9 P3D 107 1 2563 1 1.54+0.1 1.46 £ 0.05 1.0 x 10~2 100 NA NA
10 c2D 109 0.7 5132 1 0.34 4 0.03 0.0314+0.004 7.5x10~* 1150 32 11
11 c2D 1010 0.7 10252 1 0.37 4 0.02 0.030+£0.003 3.5 x 10~* 1150 32 11
12 c2D 101t 0.7 20492 1 0.37 4+ 0.03 0.0324+0.005 1.2x10~* 1150 30 10
13 c2D 102 0.7 40972 1 0.39 4 0.03 0.036 +£0.006 5.5 x 10~% 400 31 10
14 c2D 1013 0.7 81932 1 0.37 4+ 0.03 0.03440.007 2.8 x107% 100 34 10
15 ca2D 10 0.7 120012 0.8 0.35 4 0.02 0.029 +0.006 2.0 x 10~2 72 28 9
16 c2D 1015 0.7 163852 0.8 0.33 4 0.02 0.036 +0.006 1.0 x 102 27 25 8
17 ca2D 106 0.7 240012 0.8 0.34 4 0.02 0.029 +0.005 8.0 x 10~6 19 23 7
18 C3D 107 0.7 332 x 129 0.25 0.10 & 0.02 0.0374+0.005 2.0 x 10~3 1100 28 9
19 C3D 10% 0.7 652 x 257 0.25 0.13+£0.01 0.0454+0.004 2.0 x 1073 1100 32 12
20 Cc3D 109 0.7 1292 x 513 0.25 0.1140.01 0.046 +0.003 8.0 x 10~* 200 31 11
21 C3D 10° 0.7 5133 1 0.16 £ 0.02 0.045+0.001 8.0x10~* 120 32 11
22 Cc3D 1010 0.7 2572 x 1025  0.25 0.10 4 0.01 0.0444+0.002 4.0 x 10~* 250 30 10
23 C3D 10 0.7 5132 x2049  0.25 0.10 +0.01 0.0434+0.001 2.0 x 104 79 29 9
24 Cc3D 10'2 0.7 4512 x 3601  0.125 0.066 4 0.002  0.039+0.006 1.0 x 10~ 26 23 8
25 C3D 103 0.7 5012 x 5001 0.125 0.064 4+0.003 0.0394+0.005 8.0 x 10—° 11 21 7
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Fig. S1. Near the top plate of compressible convection, plots of ut vs. z1 in the viscous boundary layers (top row: a,b), and T+ vs. 2t in the thermal boundary layers
(bottom row: c,d). The left column is for 2D with Ra = 10** (red), 102 (green), 10'2 (blue), 10* (pink), 10® (golden), and 10¢ (gray). With increasing Ra, ., varies from
0.48 t0 0.32, whereas r varies from 8 to 11. The right column is for 3D with Ra = 101° (red), 101! (green), 102 (blue), and 102 (pink). Figure (b) does not exhibit a clear
signature of the logarithmic layer. (d) For the thermal boundary layer in 3D, x varies from 3.2 to 7.9.
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Fig. S2. For 2D convection, plots of the velocity and temperature fields (top row), and vertical heat flux F’. (r) (bottom row) for (a,d) 2D periodic convection with Ra = 108;
(b,e) 2D RBC with Ra = 10'4; (c,f) 2D compressible convection with Ra = 10'2. Periodic convection exhibits predominantly positive F., whereas RBC and compressible
convection exhibit both positive and negative F’,.
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Fig. S3. For periodic convection, time series of the root-mean-square velocity U (a,c) and normalized Nusselt number NuRa~? (b,d) during statistically steady state. The
top row is for 3D at Ra = 10 (red), 10° (green), 10° (blue), and 107 (magenta). The bottom row is for 2D at Ra = 10° (red), 10° (green), 107 (blue), and 10® (magenta).
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Fig. S4. For compressible convection, time series of the root-mean-square velocity U (a,c) and normalized Nusselt number NuRa~? (b,d) during statistically steady state.
The top row is for 3D at Ra = 10'° (red), 10! (green), 10'2 (blue), and 10*3 (magenta). The bottom row is for 2D at Ra = 10** (red), 10'* (green), 10'® (blue), and 106
(magenta).
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Fig. S5. For 3D compressible convection, time series of the root-mean-square velocity U (a) and Nusselt number Nu (b) with Ra = 1012 on grids 5012 x 5001 (red) and
6012 x 6001 (blue). Both U and Nu converge to similar values, confirming grid independence of our numerical simulations. The insets show their respective differences AU
and ANu between the 6012 x 6001 and 5012 x 5001 grids. We took the final output of our 5012 x 5001 grid resolution (highest 3D run), used it to perform two new
simulations: on the same grid (5012 x 5001), and on the 6012 x 6001 grid. We observed that the two runs yield similar results, but with some errors. The error in U is less
than 1%, but the error in Nu is around 10%.
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