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Abstract – Modeling atmospheric and stellar phenomena requires understanding compressive
turbulence, a more complex problem than its incompressible counterpart. This paper employs
a novel mathematical framework to analyze energy transfers and fluxes in subsonic compressible
flows. We perform direct numerical simulations on a 10243 grid for turbulent Mach numbers 0.15,
0.30, and 0.45. We apply stochastic random forcing to both rotational and compressive modes.
We demonstrate that for subsonic flows, energy transfers from solenoidal to compressive modes are
confined primarily to large scales, allowing independent rotational and compressive kinetic energy
cascades. Consequently, both components maintain constant inertial-range fluxes, resulting in
Kolmogorov scaling for the rotational velocity and Burgers scaling for the compressive velocity.
We also observe that compressive kinetic energy is converted to internal energy via pressure
dilatation. This advancement enables further exploration of locality, compressible convection, and
compressible magnetohydrodynamics.
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Introduction. – Flows in the planetary and stellar at-
mospheres, galaxies, astrophysical jets, compressors, and
engines are turbulent and compressible [1,2]. Despite ef-
forts over a century, many issues in such flows remain
unresolved. For example, the energy spectra of compress-
ible turbulence are reasonably well studied, but the energy
fluxes are not. Kida and Orszag [3,4], Miura and Kida [5],
Graham et al. [6], and Schmidt and Grete [7] have con-
structed energy fluxes for the compressible turbulence, but
they do not provide detailed energy transfers among the
compressive and solenoidal velocity components and the
internal energy. Recently, Singh et al. [8] constructed a
mathematical framework, an extension of mode-to-mode
energy transfers for incompressible turbulence [9,10], that
provides detailed energy transfers in compressible turbu-
lence. We employ this formalism to the data obtained
from direct numerical simulation and compute detailed
energy fluxes for subsonic compressible turbulence. Our
letter quantifies the energy fluxes by precisely identify-
ing donor and receiver modes. This allows us to calcu-
late inter-scale transfers, cross-transfers from solenoidal
to compressive modes, and conversion to internal energy

(a)E-mail: tharshit@iitk.ac.in (corresponding author)
(b)E-mail: mkv@iitk.ac.in

—thus improving upon previous works [1,6,7]. Our analy-
sis is of critical importance for modelling the Earth’s and
Sun’s atmospheres [11–14].

Incompressible turbulence theory is reasonably well de-
veloped [15]. The kinetic energy spectrum of incompress-
ible turbulence follows Kolmogorov’s spectrum, E(k) =
KKoε

2/3k−5/3, where KKo is Kolmogorov’s constant, and
ε is the inertial-range energy flux, which equals the vis-
cous dissipation rate [15–17]. Dar et al. [9], Kraichnan [18],
and Verma [10] developed detailed energy transfers among
the Fourier modes, including triadic mode-to-mode energy
transfers that facilitate easy computation of energy fluxes
and shell-to-shell energy transfers. In incompressible hy-
drodynamic turbulence, the maximal energy transfers oc-
cur between the neighboring wave number shells, a phe-
nomenon referred to as locality [19–22]. Compared to
incompressible turbulence, compressible turbulence the-
ory is less developed. This study aims to contribute to
this area by applying the recently developed formalism of
Singh et al. [8] to compute detailed energy fluxes in sub-
sonic flows.

Turbulent Mach number (Mt), which is the ratio of
root-mean-square (rms) velocity (U) and the sound speed
(Cs), is a measure of compressibility in a turbulent flow.
Also, the solenoidal or rotational (divergence-free) and
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compressive (curl-free) components of the velocity field
behave quite differently in a compressible flow. For mod-
erate Mach numbers, the rotational velocity component
exhibits Kolmogorov’s k−5/3 spectrum, whereas the com-
pressive component follows k−2 spectrum, which is at-
tributed to the shocks [3,4,23–26]. In addition, compress-
ible turbulence involves complex energy transfers among
the velocity components and the internal energy. Kida
and Orszag [3,4] and Miura and Kida [5] derived formu-
las for the cumulative energy transfers between the kinetic
and internal energies. Using numerical simulations, they
showed that the kinetic energies of the rotational and com-
pressive components are transferred to the internal energy
via viscous dissipation and pressure dilatation. Using nu-
merical simulations, Jagannathan and Donzis [27], John
and Donzis [28], Sarkar et al. [29], and Sarkar [30] studied
the scaling of pressure dilation, viscous dissipation, and ki-
netic energy with Mt and Reynolds number. Interestingly,
some of these quantities appear to depend on the forcing
mechanism, i.e., on the intensities of the rotational and
compressive components [4,27].

Multiscale energy flux provides valuable insights into
the turbulent dynamics. Graham et al. [6], Schmidt and
Grete [7], and Grete et al. [31] derived expressions for the
spectral energy transfers and shell-to-shell energy trans-
fers for the compressible magnetohydrodynamic turbulence.
They showed that energy transfers in compressible MHD
are local; that is, the maximal energy transfers take place
across nearest wave number shells. However, this com-
pressible turbulence framework is less developed than its
incompressible counterpart [9,10,18]. For example, Gra-
ham et al. [6] and Schmidt and Grete [7] do not discuss
mode-to-mode energy transfers or detailed energy conser-
vation in compressible turbulence, nor do they provide
details of energy fluxes. We remark that accurate shell-
to-shell energy transfers require the mode-to-mode energy
transfer framework [9,32].

Recently, Singh et al. [8] extended the mode-to-mode
energy transfer formalism of Dar et al. [9] to compute
various energy transfers and fluxes of compressible flows.
Singh et al. [8] derived formulas to calculate the energy
fluxes for the rotational and compressive velocity com-
ponents, as well as those related to the internal energy,
pressure dilatation, and viscous dissipation. In this pa-
per, we employ this framework to the simulation data and
compute a variety of energy fluxes for subsonic compress-
ible turbulence (Mt < 1). In particular, we compute the
energy fluxes for Mach numbers Mt = 0.15, 0.30, and
0.45 using numerical data generated by a finite-difference
code Dhara [33]. Our results show constant inertial-range
fluxes for both velocity components, and a weak energy
transfer from the solenoidal component to the compres-
sive component.

Researchers have also computed the energy transfers
in real space using subgrid-scaling (SGS) [23,34–36] and
structure functions. Using SGS, Aluie [34,37] reported
local energy cascade in compressible turbulence, whereas

Aluie et al. [38] showed that the pressure dilatation acts
primarily at large scales. Building on Kolmogorov’s [16,17]
work, Falkovich et al. [39], and Banerjee and Galtier [40],
and Kritsuk et al. [41] have derived the structure functions
for compressible turbulence. Sagaut and Cambon [42]
studied pressure-strain correlations in compressible turbu-
lence. Although the real-space description of compressible
turbulence is outside the scope of this paper, we briefly
compare our findings with existing real-space analyses.

Methods. – A compressible flow is characterised by
the velocity field u, density ρ, pressure σ, and internal en-
ergy I. In addition, we assume the fluid to be an ideal gas
for which σ = ρR∗T and I = ρCV T , where T is the tem-
perature, R∗ is the gas constant, and CV is the specific
heat at constant volume [3]. See Supplementary Mate-
rial Supplementarymaterial.pdf (SM) for the governing
equations (and simulation setup, and additional numerical
results). In this letter, we focus on the fluid kinetic energy
(KE), ρu2/2, whose evolution equation is

∂t

(
ρ
u2

2

)
+∇·

(
ρ
u2

2
u
)

+u ·∇σ+Viscous term = ρF · u,

(1)
where F is the external force density that injects kinetic
energy to the flow. The kinetic energy flux transfers the
injected energy to small scales, where the kinetic energy is
viscously dissipated and converted to internal energy. A
fraction of the injected energy is transferred to the internal
energy via pressure dilatation (u · ∇σ).

We employ the formulas derived in Singh et al. [8] to
compute the energy transfers in the flow. To make the
kinetic energy (ρu2/2) quadratic, we rewrite it as u · v
with v = ρu [6], leading to the modal energy as

Eu(k) =
1
2
� [v(k) · u∗(k)]. (2)

An alternative is to use density-weighted velocity w =√
ρu [3,5,7,43–46], with which Eu(k) = |w(k)|2/2. How-

ever, both transformations yield nearly the same re-
sults [6]. In addition to the kinetic energy spectrum
(Eu(k)), we also calculate the density spectrum (Eρ(k)),
temperature spectrum (ET (k)), and the internal energy
spectrum (I(k)) defined as [47,48]

Eρ(k) =
1
2
|ρ(k)|2, (3)

ET (k) =
1
2
|T (k)|2, (4)

I(k) =
1

γ(γ − 1)M2
0

Re[ρ(k)T ∗(k)]. (5)

For further insights, we decompose the velocity field
into its rotational component, uR, and compressible com-
ponent, uC : u = uR + uC [3,32,42]. The corresponding
modal energies are Eα(k) = Re

[
vα(k) · u∗

α(k)
]
/2, where

α = R, C represent the rotational and compressional com-
ponents, respectively. The evolution equations for these
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modal energies are

∂tEα(k) =
∑
p

Sαα(k|p|q) +
∑
p

Sαβ(k|p|q)

−QI,α(k) − DI,α(k) + Fα(k), (6)

where k = p + q; QI,α(k) and DI,α(k) are the energy
transfers from uα to the internal energy via pressure di-
latation and viscous dissipation, respectively; and Fα(k)
is the kinetic energy injection rate by the external force
component Fα (solenoidal or compressive). In QI,α(k)
and DI,α(k), the subscripts (I, α) denote energy transfers
from u to the internal energy I. More importantly,

Sαα(k|p|q) =
1
2
Im

[{k · u(q)}{vα(p) · u∗
α(k)}

+{p · u(q)}{uα(p) · v∗
α(k)}]

(7)

is the mode-to-mode energy transfer from uα(p) to uα(k)
with the mediation of u(q) (full u); and

Sαβ(k|p|q) =
1
2
Im

[{k · u(q)}{vβ(p) · u∗
α(k)}

+{p · u(q)}}uβ(p) · v∗
α(k)}]

(8)

is the mode-to-mode energy transfer from uβ(p) to uα(k)
with the mediation of u(q) (β �= α). That is, the rota-
tional modes exchange energy among themselves via SRR

transfers, and so do the compressive modes via SCC trans-
fers. In addition, the rotational and compressive modes
exchange energy via Sαβ transfers. Also, uα(k) loses en-
ergy to I via pressure dilatation QI,α(k) and viscous dis-
sipation DI,α(k).

Using Sαα(k|p|q), we can define energy flux Πα(K),
which is the net energy transfer from the uα modes inside
the wave number sphere of radius K to the uα modes
outside the sphere, that is,

Πα(K) = Πα<
α>(K) =

∑
k>K

∑
p≤K

Sαα(k|p|q). (9)

On the other hand, Sαβ(k|p|q) helps define the following
four energy fluxes related to the cross transfers:

ΠR<
C<(K) =

∑
k≤K

∑
p≤K

SCR(k|p|q), (10)

ΠR>
C>(K) =

∑
k>K

∑
p>K

SCR(k|p|q), (11)

ΠR<
C>(K) =

∑
k>K

∑
p≤K

SCR(k|p|q) (12)

ΠC<
R>(K) =

∑
k>K

∑
p≤K

SRC(k|p|q) (13)

Here, the superscripts and subscripts of Π represent the
giver and receiver fields, respectively, whereas < and
> represent wave number modes inside and outside the

Fig. 1: Various fluxes in compressible turbulence: rota-
tional and compressive energy fluxes (ΠR, ΠC), cross-fluxes
(ΠR<

C<, ΠR<
C>, ΠR>

C>, ΠC<
R>), pressure dilatation (ΠR

I,Q, ΠC
I,Q), vis-

cous dissipation (ΠR
I,D, ΠC

I,D), and energy injection rates by the

external force (εinj
R , εinj

C ).

sphere, respectively [9,10]. In addition, QI,α, DI,α, and
Fα yield the following fluxes:

Πα<
I,Q(K) =

∑
k≤K

QI,α(k), (14)

Πα<
I,D(K) =

∑
k≤K

DI,α(k), (15)

εinj
α =

∑
k∈kf

Fα(k), (16)

where kf is the forcing wave number band, and εinj
α is the

energy injection rate to the component α by the external
force. Note that the total energy injection rate εinj =
εinj
R + εinj

C . See fig. 1 for illustration of these fluxes, and
Singh et al. [8] for further details.

Results. – We simulate the nondimensionalized equa-
tions of compressible hydrodynamics in conservative form
using Dhara [33], which is a finite-difference code employ-
ing computationally-efficient MacCormack scheme [49,50].
For unforced equations, the solver conserves mass and to-
tal energy, which we have verified numerically. In addition,
we validated the code using Kida and Orszag’s [3] results.

We performed three sets of compressible turbulence
simulations on a 10243 uniform grid using Kida and
Orszag’s [3] forcing scheme with equal forcing amplitudes
for the rotational and compressive velocity components.
For all the runs, we set Pr = 1 and M0 = 1. To maintain
a statistically steady state, we employ a nearly isother-
mal equation of state with γ = 1.001 [26,51]. In forced
simulations, viscous dissipation continuously converts ki-
netic energy into internal energy, increasing the tempera-
ture and sound speed over time. This inevitably reduces
the turbulent Mach number, preventing a steady state un-
less an artificial cooling term is introduced. The choice of
γ = 1.001 effectively mimics isothermal conditions, pre-
venting this continuous temperature rise and allowing us
to focus on the steady-state statistics without introducing
additional cooling parameters or timescales [26,51].

We set the initial conditions as ρ(t = 0) = T (t = 0) = 1
and u(t = 0) = 0 and simulate up to 150 eddy turnover
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Table 1: Simulation parameters for the three runs: the forc-
ing parameters (fR, fC), the reference Reynolds number (Re0),
Taylor microscale Reynolds number (Reλ), and the turbulent
Mach number (Mt).

Run fR fC Re0 Reλ Mt

1 1.5 × 10−4 1.5 × 10−4 1.5 × 104 277 0.15
2 7.5 × 10−4 7.5 × 10−4 1 × 104 328 0.30
3 4 × 10−3 4 × 10−3 0.5 × 104 259 0.45

times (l0/u0), ensuring that the system has reached a sta-
tistically steady state. The reference Reynolds number
(Re0) and resulting steady-state properties for the three
runs are summarized in table 1. The simulations resulted
in Taylor-scale Reynolds numbers (Reλ) 277, 328, and
259, with corresponding turbulent Mach numbers (Mt)
of 0.15, 0.30, and 0.45, respectively. The range of Reλ

achieved in our simulations for the corresponding Mach
numbers is comparable to those of other high-resolution
studies [27,35,52,53]. See SM for further details. Our
simulations are well resolved, as η/(Δx) > 1, where η
is Kolmogorov’s length [27]. See table 1 of the SM for the
numerical values. Our parallel run took around 48 hours
on the Kotak school’s server with 8 H100 GPUs.

Energy spectra. The average Mach numbers for the
three runs are 0.15, 0.30, and 0.45 which are relevant for
studies of terrestrial and solar atmospheres [11–14]. We
present the energy spectra and energy fluxes for these
runs. Figure 2 presents the energy spectra and fluxes
for Mt = 0.45, whereas fig. 1 of the SM presents these
quantities for Mt = 0.15 and 0.30. Our forcing band
at k = 1 ensures a clean separation between the en-
ergy injection scales and the inertial range [54]. To iso-
late the inertial range from the forcing band, the spec-
tral exponents are calculated using fits restricted to wave
numbers k ≥ 4. Furthermore, our setup yields large
Taylor-scale Reynolds numbers (Reλ ≈ 250 to 350), which
guarantees a wide inertial range well separated from the
dissipation scales [52,53]. As shown in fig. 2(a), the
rotational kinetic energy spectrum ER(k) follows Kol-
mogorov’s k−5/3 scaling, while the compressive energy
spectrum EC(k) follows the k−2 Burgers spectrum asso-
ciated with shocks [24,25,55,56]. The k−2 scaling arises
from shock discontinuities, rather than vortex stretch-
ing or pressure-strain redistribution, similar to the Burg-
ers turbulence. Since ER(k) � EC(k), the total energy
spectrum Eu(k) too scales as k−5/3. Since density, tem-
perature, and internal energy are coupled to the com-
pressive velocity, they exhibit k−2 scaling. Interestingly,
EC(k) ≈ Eρ(k) for subsonic turbulence. We will inves-
tigate the reason for this similarity in the future. These
results are consistent with earlier works [3,7,23,48,53].

Energy fluxes. Next, we present the energy fluxes of
compressible turbulence. We normalize the energy fluxes

Fig. 2: For Mt = 0.45, (a) Energy spectra: ER(k), EC(k),
Eu(k), I(k), Eρ(k) and 2 × 105ET (k). Dashed lines rep-
resent k−5/3 and k−2 fits. (b) Normalized energy fluxes
Π̃R(k), Π̃C(k), Π̃R<

I,D(k), Π̃R<
C (k), Π̃C<

I,Q(k), and Π̃C<
I,D(k). Note

that Π̃R(k), Π̃C(k), and Π̃C<
I,Q(k) are constant in the inertial

range.

of eqs. (9)–(15) by the total injection rate εinj. These nor-
malized fluxes, denoted by tilde, are presented in fig. 2(b)
(for Mt = 0.45), and their maxima in fig. 3(c). As shown
in fig. 2(b), the normalized energy fluxes of the velocity
components, Π̃R(K) and Π̃C(k), are constant in the iner-
tial range (4 � k � 15). These fluxes are viscously dis-
sipated and transferred to the internal energy, as shown
in fig. 3. For the rotational component, the Kolmogorov
constant KKo = ER(k)k5/3(ΠR)−2/3 ≈ 2, which is near
that for incompressible turbulence [15]. These observa-
tions indicate that the rotational component follows the
dynamics of incompressible turbulence.

Figure 2(b) and fig. 3 also show that for the compres-
sive component, the pressure dilatation flux Π̃C<

I,Q(k) is of
the order of the compressive viscous dissipation. Since
Π̃C<

I,Q(k) is nearly constant in k, the pressure dilatation is
active at small wave numbers or at large length scales. In
addition, Π̃R<

I,Q(k) ≈ 0, indicating that the pressure does
not induce significant energy transfer for the rotational
component, which is consistent with the theories of in-
compressible turbulence [10,32]. Lastly, Π̃R<

C<(k) ≈ 0.02 to
0.06 for small k, indicating a small energy transfer from uR

to uC at large length scales (see fig. 3). The energy fluxes
of eqs. (11)–(13) are negligible. The small cross-transfers
have insignificant impact on Π̃R(k) and Π̃C(k), which
makes these fluxes constant in the inertial range [57].

Figure 3 also illustrates how the energy fluxes vary with
Mach number, at least in the range from 0.15 to 0.45. As
Mt increases, the rotational flux Π̃R(k) decreases, while
the compressive flux Π̃C(k) remains nearly unchanged.
This feature correlates with the decrease in the rotational
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Fig. 3: For (a) Mt = 0.15, (b) Mt = 0.30, (c) Mt = 0.45:
schematic diagrams showing energy fluxes from a wave number
sphere of radius K (K in the inertial range). The normalized
energy injection rates ε̃inj

R , ε̃inj
C ; maxima of normalized fluxes

Π̃R(k), Π̃C(k), Π̃R<
C<(k), Π̃C<

I,Q(k), Π̃R<
I,Q(k); and total normalized

dissipation rates ε̃R, ε̃C .

injection rate ε̃inj
R and the increase in the compressive in-

jection rate ε̃inj
C as Mt increases. The pressure dilatation

for the compressive component Π̃C<
I,Q(k) increases with Mt,

indicating enhanced compressive activity at higher Mach
numbers.

Note that the nature of the forcing significantly affects
the energy cascade in compressible turbulence [3,7]. In
the subsonic regime, the total and solenoidal kinetic en-
ergy spectra are nearly unaffected by the forcing, while the
compressive spectrum is highly sensitive to it. Further-
more, the energy fluxes depend heavily on the solenoidal-
to-compressive forcing ratio: the solenoidal flux dominates
under purely solenoidal forcing, and the compressive flux
dominates under purely compressive forcing [3,7,23,27,35].
Although all the simulations in this study utilize a mixed
forcing (εinj

R /εinj
C ≈ 2), we also performed sensitivity tests

using purely solenoidal and purely compressive forcing on
smaller grids, similarly to Kida and Orszag [3]. Our results
are consistent with these previous findings [3,7,27,35].

Comparison with past works. – We compare our
findings to real-space flux analyses by Wang et al. [35]
and Wang et al. [23], which utilized Favre filtering and
Helmholtz decomposition. Our simulations, which use
mixed forcing (εinj

R /εinj
C ≈ 2), show clear differences from

the purely rotationally forced case in [35]. Specifically, we
find that Π̃R decreases with increasing Mt, rather than
remaining constant. Additionally, the cross-transfer be-
tween rotational and compressive components occurs pri-
marily at large scales —unlike the all-scale-transfer re-
ported in [35]. This is the primary reason for the ob-
served independent cascades of rotational and compressive
KE. Furthermore, the pressure dilatation flux, which they
found to be very small and active at all scales, is both
significant and predominantly active at large scales in our
work.

The differences from Wang et al. [35] arises pri-
marily due to the forcing setup and the mathemati-
cal methodology used to calculate energy fluxes. The

large-scale rotational forcing used in Wang et al. [35]
produces weak dilatational velocity. This leads to weak
pressure dilatation and compressible flux, which in-
crease with Mt but remain significantly smaller than the
solenoidal flux. Consequently, KE cascades almost en-
tirely through the solenoidal flux and is ultimately dissi-
pated by solenoidal viscous dissipation. Thus, the normal-
ized solenoidal flux (Π̃R) remains nearly constant in Wang
et al. [35] even as Mt increases. Furthermore, since the
compressive modes receive no direct energy injection, they
absorb energy from the solenoidal cascade via nonlinear
cross-transfer across all length scales [35].

In contrast, our mixed forcing injects energy into both
rotational and compressive modes. This generates strong
dilatational velocity at the forcing scales, yielding substan-
tial large-scale pressure dilatation and compressive flux.
Crucially, as Mt increases, pressure dilatation grows sig-
nificantly, and a larger fraction of the injected KE is con-
verted into internal energy at large scales. This correlates
with a decrease in the rotational injection rate (ε̃inj

R ) and
a corresponding increase in the compressive injection rate
(ε̃inj

C ). Consequently, the amount of energy available to
cascade down the solenoidal inertial range shrinks, caus-
ing Π̃R to decrease steadily.

Our results also diverge from the mixed-forcing study
of Wang et al. [23], where Π̃C � Π̃R. We consistently
observe ΠC < ΠR for all Mt, with a comparable pressure
flux Π̃C<

I,Q. Wang et al. [23] linked their dominant Π̃C to
the k−5/3 scaling of the total energy spectrum. In our
work, however, this k−5/3 scaling is recovered even with a
sub-dominant compressive flux Π̃C .

Methodologically, real-space analyses [23,35–37] rely on
Favre-filtered velocity fields, which provide excellent spa-
tial locality but inherently couple kinematic and ther-
modynamic fluctuations. Furthermore, decomposed real-
space kinetic energy fluxes capture the net energy transfer
across a scale, but they do not explicitly isolate the spe-
cific triadic pathways (i.e., whether the energy leaving a
large-scale solenoidal mode is transferred to small-scale
solenoidal or compressive modes) [23,35]. In contrast, our
formalism utilizes shell-to-shell transfers to precisely iden-
tify the donor and receiver modes. This enables the exact
calculation of energy transfer between modes, revealing
that the kinetic cross-transfers and pressure dilatation are
actually confined primarily to the large scales.

Conclusions. – Quantifying the energy transfer be-
tween solenoidal and dilatational motions remains a cen-
tral problem in compressible turbulence. This paper
presents a major advancement by providing a precise char-
acterization of these energy transfers within the mod-
erately compressible regime —a regime relevant to the
Earth’s and Sun’s atmospheres. We employ the formulas
derived in Singh et al. [8] to the DNS data and compute
various energy transfers for subsonic compressible turbu-
lence for turbulent Mach numbers 0.15, 0.30, and 0.45.
The precise identification of donor and receiver modes
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allows calculation of both inter-scale and cross-transfers
among different energy modes, providing a comprehensive
picture of the energy cascade.

Using the numerical data, we compute various energy
spectra and fluxes and global quantities —the total ki-
netic energy, pressure dilatation, and dissipation rates.
We show that the rotational component exhibits Kol-
mogorov’s k−5/3 spectrum, whereas the compressive com-
ponent exhibits a Burgers k−2 spectrum, both with con-
stant energy fluxes. There is a weak energy transfer from
the solenoidal to the compressive velocity modes predom-
inantly at large scales. In addition, pressure dilation con-
verts the kinetic energy to internal energy mostly along
the compressive velocity channel. This mechanism is also
found to be confined to the large scales. Since both the
cross-transfer and pressure dilatation occur at large scales,
the rotational and compressive KE cascades are largely
independent. This allows the rotational component to fol-
low a Kolmogorov-like cascade and the compressive com-
ponent to follow a Burgers-like cascade. These findings
provide a more quantitative understanding of the energy
transfer mechanisms in subsonic turbulence.

The nature of forcing plays a critical role in compressible
turbulence [3,27]. Hence, we will explore how the energy
fluxes vary with different types of forcing and with the
Mach number. The energy transfers for supersonic com-
pressible turbulence (Mt > 1) may show different proper-
ties, which will be investigated in the near future.

Our study provides a detailed characterization of en-
ergy transfers for subsonic flows. In future, we plan to
study supersonic turbulence in high-speed aerodynam-
ics [58], supernova explosions, and star formation [59,60].
We also propose to study shell-to-shell energy transfers
in detail so as to quantify locality in compressible turbu-
lence [20,21,61,62]. A simple generalization of the present
formulation will provide accurate models for compressible
convection [63], quantum turbulence [64], and compress-
ible magnetohydrodynamics [7].
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I. GOVERNING EQUATIONS

The nondimensional equations for compressible flow are [1]:

∂ρ

∂t
+

∂

∂xi
(ρui) = 0, (1)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj + δijσ − τij) = ρFi, (2)

∂ET

∂t
+

∂

∂xi

(
ui(ET + σ)− 1

M2
0PrRe0(γ − 1)

∂T

∂xi
− ujτij

)
= ρuiFi, (3)

where ρ, u, σ, T , and F are the density, velocity, pressure, temperature, and external force, respectively. These equa-
tions are made dimensionless using reference density ρ0, temperature T0, velocity u0, and length l0. The dimensionless
parameters of the system are [1, 2]:

Reynolds number Re0 =
ρ0u0l0

µ
, (4)

Reynolds number (Taylor microscale) Reλ =

(
5

3µϵ

)1/2

ρ0U
2, (5)

Mach number M0 =
u0

Cs
=

u0√
γR∗T0

, (6)

Turbulent Mach number Mt =
U

Cs
, (7)

Prandtl number Pr =
µCp

Kc
, (8)

where U is the root mean square velocity, Cs is the sound speed, R∗ is the gas constant, µ is the dynamic vis-
cosity, ϵ is the mean viscous dissipation rate, and Kc is the thermal conductivity. In the Eqs. (1-3), τij =(
∂jui + ∂iuj − 2

3∂mumδij
)
/Re0 is the viscous stress tensor and ET is the total energy density consisting of ki-

netic energy density, Eu = ρu2/2, and internal energy density, I = σ/(γ − 1), with γ = Cp/Cv as the ratio of specific
heat capacities at constant pressure and volume. The fluid also follows the ideal gas equation of state σ = ρT/(γM2

0 ).

II. SIMULATION DETAILS

We simulate the Eqs. (1-3) using the finite-difference GPU-enabled Python code Dhara [3]. We perform direct nu-
merical simulations in a (2π)3 periodic domain with a uniform collocation grid of 10243 points. For faster convergence,
we apply sequential grid upscaling: starting from a 2563 grid, the flow is evolved to a steady state and interpolated
successively to finer grids until 10243 is reached. We used a Courant–Friedrichs–Lewy (CFL) number of 0.5, giving a
time step of roughly dt ≈ 10−3.
Following the scheme proposed by Kida and Orszag [1], we employ random force on the velocity field at large scales.

We choose the force component Fi as

Fi(x, t) = Aij(t) sinxj +Bij(t) cosxj , (9)
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TABLE I. Numerically-computed rotational kinetic energy (ER), compressive kinetic energy (EC), their ratio ER/EC , Reynolds

number based on Taylor microscale (Reλ), resolution parameter (η/∆x), energy injection rates (ϵinjR , ϵinjC ), normalized injection

rates (ϵ̃injR ,ϵ̃injC ), normalized fluxes in the inertial range (k = 10), the Kolmogorov constants (KKo) for rotational kinetic energy,
and the scaling exponents α for various energy spectra, along with their trends with increasing turbulent Mach numbers (Mt).

Mt 0.15 0.30 0.45 Trend with Mt

ER 8.18× 10−3 3.51× 10−2 9.50× 10−2 Increases

EC 1.80× 10−3 8.60× 10−3 2.90× 10−2 Increases

ER/EC 4.53 4.07 3.28 Decreases

Reλ 277 328 259 -

η/∆x 1.14 1.01 1.11 -

ϵinjR 1.37× 10−4 1.01× 10−3 4.19× 10−3 Increases

ϵinjC 3.94× 10−5 4.26× 10−4 2.28× 10−3 Increases

ϵ̃injR 0.78 0.70 0.65 Decreases

ϵ̃injC 0.22 0.30 0.35 Increases

Π̃R ≈ ϵ̃R 0.76 0.66 0.59 Decreases

Π̃C ≈ ϵ̃C 0.16 0.21 0.20 Nearly constant

Π̃R<
C 0.02 0.04 0.06 Marginally increases

−Π̃C<
R 0.02 0.04 0.06 Marginally increases

Π̃R<
I,Q 10−4 1.2× 10−4 1.6× 10−3 Small, Increases

Π̃C<
I,Q 0.08 0.13 0.21 Increases

KKo 2.12 2.14 2.02 Constant

αR −1.67 ± 0.035 −1.66 ± 0.021 −1.66 ± 0.025 -

αC −2.02 ± 0.009 −2.07 ± 0.009 −2.07 ± 0.004 -

αu −1.67 ± 0.027 −1.69 ± 0.018 −1.71 ± 0.022 -

αI −2.02 ± 0.005 −2.06 ± 0.007 −2.09 ± 0.006 -

αρ −2.02 ± 0.007 −2.01 ± 0.006 −2.03 ± 0.006 -

αT −2.04 ± 0.004 −2.07 ± 0.009 −2.08 ± 0.007 -

where i, j = 1, 2, 3; Aij(t) and Bij(t) are Gaussian random variables with zero mean. The second-order moments are
chosen as [1]

A2
ij = B2

ij =

{
fC
3dt if i = j,
fR
3dt if i ̸= j,

(10)

where the parameters fC and fR control the power injected into the compressive and rotational components of the
forcing, respectively, and ∆t is the time-step. The specific values for these parameters are listed in Table 1 of the
main Text. The resulting mean energy injection rate in the system is

ϵinj ≈ ⟨ρ⟩
(
fR +

fC
2

)
. (11)

In our simulation, we set the amplitudes of the rotational and compressive forcing components to be equal (fR = fC),

which results in ϵinjR /ϵinjC ≈ 2. Our runs are well resolved because η/∆x ≥ 1 (see Table I), where

η =

(
⟨µ⟩3

ϵ⟨ρ⟩2

)1/4

(12)

is the Kolmogorov’s length with ⟨ρ⟩ and ⟨µ⟩ as the average density and dynamic viscosity, respectively [2].
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In Table I, we list the total kinetic energy of uR,C (ER, EC), the respective injection rates (ϵinjR , ϵinjC ), the ratio
ER/EC , Reynolds number based on Taylor microscale (Reλ), and the resolution parameter (η/∆x) for the three runs.
Note that the internal energy (≈ 1000) dominates the rotational and compressive kinetic energies. The table also lists
the respective normalized energy fluxes (normalized with the total injection rates) and Kolmogorov’s constants. The
last six rows of the table contains the spectral exponents αR, αC , αu, αI , αρ, and αT for ER(k), EC(k), Eu(k), EI(k),
Eρ(k), and ET (k) respectively. The maximum errors in the spectral exponents are 2%, 1%, and 2% for Mt = 0.15,
0.30, and 0.45, respectively.

III. ENERGY SPECTRA AND FLUXES

Figure 2 of the main text exhibits the energy spectra and fluxes for Mt = 0.45. Figure 1(a,b) of this supplement
show the spectra for Mt = 0.15 and 0.30, whereas Fig. 1(c,d) exhibits the corresponding energy fluxes. The spectral
exponents for various energy spectra are listed in Table I. The behaviour of the energy spectra and fluxes for Mt =
0.15, 0.30, and 0.45 are very similar, and they follow trends discussed in the Main Text.

FIG. 1. For Mt = 0.15 (a,c) and Mt = 0.30 (b,d): (a,b) Energy spectra for rotational kinetic energy ER(k) (red), compressive
kinetic energy EC(k) (light green), total kinetic energy Eu(k) (dark gray), internal energy I(k) (blue), density Eρ(k) (magenta),

and normalized temperature 2 × 105ET (brown). Dashed lines represent k−5/3 and k−2 fits. (c,d) Normalized energy fluxes

for the rotational component Π̃R(k) (solid red) and its dissipation Π̃R<
I,D(k) (solid green), the compressive component Π̃C(k)

(dashed red) and its dissipation Π̃C<
I,D(k) (dashed green), cross transfer from uR to uC , Π̃

R<
C (k) (solid black), and compressive

pressure-dilatation Π̃C<
I,Q(k) (dashed blue). Note that Π̃R<

I,Q(k) ≈ 0.

To further illustrate these scaling trends, Fig. 2(a,b) presents the rotational and compressible energy spectra com-
pensated by k5/3 and k2, respectively. The compensated spectra remain nearly constant in their respective inertial
ranges. Note that the inertial range for the compressible spectra, k ∈ [4, 50], extends farther than that of the rotational
spectra, k ∈ [4, 25].
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FIG. 2. Compensated energy spectra: (a) rotational kinetic energy, ER(k)k
5/3; and (b) compressible kinetic energy, EC(k)k

2,
with Mt = 0.15 (red), 0.30 (green), and 0.45 (blue). The shaded regions denote the inertial ranges.
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